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In many problems in physics, engineering, and computer science, the eigenvalues of certain matrices help understand the nature of a system. However, computing
the eigenvalues of a matrix can be prohibitively expensive. Furthermore, it is often not crucial to know the exact individual eigenvalues, but more so their
approximate locations with respect to each other. The goal of spectral density theory is to find the approximate distribution of the eigenvalues of large matrices.

Spectral density

The spectral density ¢ of symmetric matrix A € R™*™ with eigenvalues Ay, ..., A\, € R,

which we assume to be contained in [—1, 1], is defined as
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Since the Dirac delta distribution ¢ cannot be approximated using smooth functions,
and because we do not care about the exact locations of the eigenvalues anyway, we
work with the smooth spectral density ¢, defined as
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with a smoothing kernel g,, which is parametrized by a smoothing parameter ¢ > 0.
Usually, g, Is a Gaussian of width o
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We may then convert the problem of computing ¢, to the trace estimation problem
(4) bo(t) = Tr(g,(t1, — A)).

Chebyshev expansion

It is often prohibitively expensive to directly evaluate the matrix function g,(tI,, — A).
For this and other reasons, a Chebyshev expansion with degree of expansion m
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s first computed instead. For each t, the coefﬁuents {ui i, can efficiently be com-
puted through a discrete cosine transform (DCT). When defining the vector of coeffi-
cients p € R™"! and the vector g € R™"! with components g; = g,(t —cos(wl/m)),l =
0,...,m,we can switch between the two in O(mlog(m)) complexity using

(6) pn=DCT (g) <= g=DCT(u).

This way of computing the Chebyshev expansion of a function can also be used to
efficiently square Chebyshev polynomials, which will be crucial in our implementation

( > wThi(A)) =) vTi(A
[=0 [=0

Finally, the starting point for all our methods will be the expanded spectral density
(8) 05" (1) = Te(gy" (L, — A)).
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Delta-Gauss-Chebyshev

For a symmetric matrix B € R and standard Gaussian
random vector ¥ € R" the estimate ¢ ' Ba) satisfies

(%) Tr(B) = E |4 By|.

The Girard-Hutchinson trace estimator averages over
c N independent realizations of this estimate to get

1 &

(10) H,,(B ZwTBw

Nystrom-Chebyshev

The Nystrom approximation offers a way to compress a
symmetric positive semi-definite (PSD) matrix of low rank
by multiplying it with a small sketching matrix 2 € R"*"e,
where ng < n, and forming

(12) B = (BQ)(Q'BQ)(BQ)T.

Since g,(tI, — A) exhibits a low-rank structrue, partic-
ularly for small o, the Nystrom-Chebyshev (NC) method

Nystrom-Chebyshev++

The Nystrom++ estimator is a variance-reduced version
of the Girard-Hutchinson estimator. It is defined as

(17) TrtH(B) = Tr(B) + H,,,(A)

with A = B — B. Generalizing it to the parameter-
dependent case vields the Nystrom-Chebyshev++

(NC++) method, which combines NC and DGC

uses the Nystrom approximation g
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(m) of (5) to compute

o

The Delta—Gauss—Chebyshev (DGC) method |1] applies
this estimator to (8) to obtain

(13) oy (t) =

Tr(g

The lack of theory for Nystrom approximations of indef-

(m) _
gy (L, — A)). inite matrices only allows results for the shifted density

(11) AU (t) = Hoy (g0 (I, — A)).

We can derive the following result for the DGC method:

An efficient implementation can be achieved due to the
cyclic property of the trace, which allows to write

19) 6, () =Trlg, (tT, — A)) = 6,(t) + np

with g =go+p. With |2] we get the following result:

Theorem 1: Delta-Gauss-Chebyshev method (14) ¢((fm>(t) = Te(K (1) Ko(t)) Theorem 2: Nystrom-Chebyshev++ with shift
f A € R™" is symmetric, then with high probability with the two matrices Let A € R™" be symmetric. If ng = ny = O (e71) and
16— 3, < £22(1 e (2 o ) o (15) K, (t) :TQngm)(tIn — A)Q2 € R™7™ p > Y2(1 +¢)~™, then with high probability
4 o nny N (16) K(t) = Q2 (9§m>(t1n — A))’Q € R 2v/2 N
for a constant ¢y > 0. which can be computed efficiently with (6) and (7). 19, - ¢ Hl (1+¢) o2 (L+ o)™ +e(l+2np).
Model problem Convergence study

We consider the three-dimensional finite difference discretization matrix A €
ROV o the Laplace operator in a potential of periodic Gaussian wells [1].

NC++is a hybrid of DGC and NC. For small o, the matrix in (8) has low rank, so the NC
method performs well. For large o, the Nystrom approximation alone is not sufficient.
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ng =0, ny = 80 (DGC)
no = 20, ny = 60 (NC++)
ng = 40, ny = 40 (NC++)
ng = 60, ng =20 (NC++)
ng = 80, ng = 0 (NC)
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Conclusion

We were able to significantly improve many algorithmic aspects of the methods. The
development of an alternative expansion framework based on the DCT allowed us to
vastly simplify the Chebyshev expansion, while obtaining provable accuracy, all this in
addition to making this stage orders of magnitude faster in many cases. Furthermore,
we derived theoretical error bounds for all the methods.
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For fixed m but varying ng + ny, and vice versa, we plot the L' approximation error
of all three methods on the model problem.
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If instead of a Gaussian g, we use a Lorentzian g,(s) o o/(s* + 0?), there exists a
specialized method called the Haydock method. We repeat the same plots as before.

—
() —
| o
— (@)

p—

o

L

; Haydock \
1 —— NC
' NC++

L' relative error
L' relative error
p—t
o
o

—
=
no
—_
3
w

102 103 10! 102
m ng + Ny

References

[1] L. Lin, “Randomized estimation of spectral densities of large matrices made
accurate,” Numerische Mathematik, vol. 136, pp. 183-213, 2017.

2] H. He, D. Kressner, H. L. Lam, and F. Matti, “Parameter dependent Nystrom++
with application in spectral density function theory,” In preparation, 2024

Master's thesis
Lausanne, 02/02/2024



https://github.com/FMatti/Rand-SD
https://github.com/FMatti/Rand-SD/tree/ca391a8

