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We approximate the spectral density of matrices which are only accessed through matrix-vector products. This boils down to estimating

the trace of a certain parameter-dependent matrixB(t) for a parameter t ∈ [a, b]. Therefore, we consider three well established random-

ized trace estimators for constant matrices B when they are straightforwardly applied to parameter-dependent matrices B(t).

Smoothed spectral density

The smoothed spectral density of a symmetric matrix H ∈ Rn×n with

eigenvalues λ1, . . . , λn ∈ R is given by the density function

φσ(t) = 1
n

n∑
i=1

gσ(t − λi) = Tr(gσ(tIn −H))

for a Gaussian gσ of width σ > 0. This is a parameter-dependent trace

estimation problem for the positive semi-definite B(t) = gσ(tIn −H).

(a) φσ with small σ (b) φσ with medium σ (c) φσ with large σ

Fast Hessian-vector products

The Hessian matrix H ∈ Rn×n of a neural network parametrized by w =
(w1, . . . , wn)> ∈ Rn and with respect to a loss function L has entries

Hij = ∂2L
∂wi∂wj

.

The expansion of the gradient reveals a useful formula for computing

Hessian-vector productsHv for any v ∈ Rn:

∇wL(w+hv) = ∇wL(w)+hHv+O(h2) h→0=⇒ Hv = ∂

∂h

∣∣∣∣∣
h=0

∇wL(w+hv).

Because f 7→ ∂
∂h

∣∣∣
h=0 f (· + hv) is a differential operator, it can be computed

similarly to ∇wL in O(n) operations with a backpropagation scheme [1].

1: Girard-Hutchinson estimator

We define the Girard-Hutchinson estimator as

TrΨ(B(t)) = 1
nΨ

nΨ∑
j=1
ψ>

j B(t)ψj

for standard Gaussian ψ1, . . . ,ψnΨ.

Theorem: Girard-Hutchinson error [2]

IfB(t) ∈ Rn×n is symmetric, then∫ b

a
| Tr(B(t)) − TrΨ(B(t))|dt ≤ ε

∫ b

a
‖B(t)‖Fdt

with probability≥ 1−δ if nΨ = O(ε−2 log(δ−1)).

Downside: Convergence with nΨ is slow.

2: Nyström estimator

The Nyström approximation is the matrix

B̂Ω(t) = (B(t)Ω)(Ω>B(t)Ω)†(B(t)Ω)>.

for a standard Gaussian Ω ∈ Rn×nΩ. The error of

this approximation depends on the singularvalue

decay ofB(t) [2].

We approximate the trace Tr(B(t)) with

Tr(B̂Ω(t)) = Tr
(
(Ω>B(t)Ω)†(ΩB(t)2Ω>)

)
thanks to the cyclic property of the trace.

Downside: Poor approximation formatrices with

slow singular value decay.

1 & 2: Nyström++estimator

The Nyström++ estimator computes the Nys-

tröm trace estimator and corrects it with the

Girard-Hutchinson estimate of the residual

TrΨ,Ω(B(t)) = Tr(B̂Ω(t)) + TrΨ(B(t) − B̂Ω(t))

Theorem: Nyström++error [2]

If B(t) ∈ Rn×n is symmetric positive semi-

definite, then∫ b

a
| Tr(B(t))−TrΨ,Ω(B(t))|dt ≤ ε

∫ b

a
Tr(B(t))dt

with probability ≥ 1 − δ if nΨ = nΩ =
O(ε−1 log(δ−1)).

Chebyshev-Nyström++algorithm

Expand gσ(tIn −H) in the first m Chebyshev polynomials T0, . . . , Tm [3]

gσ(tIn −H) ≈
m∑

l=0
µl(t)Tl(H).

At each t, the coefficients µ = {µl(t)}m
l=0 and the function evaluations g =

{gσ(t − cos(πl/m))}m
l=0 are related by the discrete cosine transform (DCT)

µ = DCT−1(g) ⇐⇒ g = DCT(µ).
This is used to square Chebyshev expansions in O(m log(m)) operations:( m∑

l=0
µlTl(H)

)2 =
2m∑
l=0

νlTl(H) =⇒ ν = DCT−1 (
DCT(µ)2).

The Chebyshev-Nyström++ algorithm applies this observation to the Nys-

tröm++ estimator to accurately approximate the spectral density [2].

Application: Sharpness-aware model selection

The smoothed spectral density of theHessianmatrixH of a neural network

is used to monitor its generalizability. The presence of large eigenvalues

indicates a sharp minimum, hence, unfavorable generalization properties.
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Conclusion

Despite reusing the same randomization for computing the estimate at

each value of the parameter t, the proposed estimators closely match the

corresponding results for constant matrices.

In practice, the estimators, paired with a rigorous approach for expanding

parameter-dependent matrix functions in terms of Chebyshev polynomi-

als, can be employed to accurately and efficiently approximate smoothed

spectral densities. This can effectively be used to assess the generalizabil-

ity of minima found in a neural network optimization process.
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