Linear system identification
using augmented Krylov subspaces
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We present a method for modeling noisy outputs generated by one-dimensional linear time-invariant systems. To do so, we need to evaluate
a maximum likelihood objective, composed of the quadratic form y ' (AT + A)"!'y and the log-determinant Tr(log(AI + A)), for a positive
semi-definite A and A > 0. Rather than approximating the two terms separately, we approximate them in an augmented Krylov subspace.

Problem setting

Assume output y € R Is related to input u €
R™ through
y = PO + e.

" & c R"™*" Toeplitz with entries ®;; = w;_; If
1 > 7 else & =0

= 0 ¢ R" unknown impulse response

= e ¢ R™ additive noise

Example: Speech dereverberation

Speech recorded
by a microphone in
a room, where It
reverberates off
the walls.

Krylov methods for (1) & (ll)

Construct (block) Krylov subspace
Ki(A,Z)=span{Z,AZ, ... L A"'Z}

for particular vectors or matrices Z. Use Lanczos
to compute orthonormal basis W, of (A, Z),
along with T, = W, AW,

(I) As typical, use Z = y and approximate
y M +A) 'y~y W, +T,)"'Wly
= lyll5(M + T)7y

(I1) Can use Z = 2 for some Gaussian random
matrix 2 € R™*" gnd approximate

Tr(log(M 4+ A)) =~ Tr(log(A + W, T, W )).

Augmentation does not harm

The following two theorems show that augment-
iIng the estimators can only Improve the accuracy.

Theorem: Augmented approx. of (I) [2]
't holds that

't holds that

Tr(log(A ] + A))
log(AT kafkﬁ\/,:)) (augmentec
log(M + W, T W ,))  (standarc

provided that k(ng + 1) < m.
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Bayesian approach

Assume independent Gaussian priors
0 ~N(O,vK(3) and e~ N(0,0°1)
with v, 0 > 0, and a kernel matrix K(5) € R™*".

Consider kernels given as Cholesky factoriza-
tions K () = L(B)L(B)", where L(3) and L(3)'
can be applied to vectors in O(n) operations.

Goal: Find 3, v, and o which best fit the output.

Setting A = v/o” and, for now, putting aside the
parameter § of the kernel (K = K(f)), we get
the marginal maximum likelihood estimate

Y(A) =log (y (M + A)"'y ) + Trlog(M + A)

(1) (1)

with A = dK®' ¢ Rm*m,

New: Augmented Krylov subspace

By combining Z = [y, Q] € R™ U+ we con-
struct augmented Krylov subspace

]Ck(Aﬁ [ya QD — IC/@(Aa y) + Kk(Av Q)

Use block Lanczos to compute orthonormal basis
Wk of /Ck(A, [y, QD and Tk — W;Aﬁ\/k

A‘?-C_E_;r A‘?-Clﬁ'..l A‘?.Cl”f..ll. l

separate Krylov subspaces

augmented Krylov subspace

Implicit preconditioning
Additionally, there is an even stronger result we

can show for the approximation of (l).

Theorem: Implicit preconditioning [3, 2]

With the notation introduced above, it holds
that

_ y AL+ A)~ly — ||ly|3 + T
y'(M+A)y

A\ 2(k—s)
)

where & is the condition number of the “pre-
conditioned” matrix P~Y2(\I + A)P~'/? for
any preconditioner P = (I + X)~! with
range( X ) C ICs.1(A, Q) for some s < k.

Augmentation has an effect like preconditioning.

Existing: Direct algorithm [1]

Compute SVD A = USU ' and evaluate
> a2 on 2
(|) _ HyHQ HyHQ | Z Yi

A i—1 S@’—I—)\7

where y = U 'y, and
() = (m — n)log(\) + Zn: log(s; + A).
1=1
Existing: Indirect algorithm [1]

Use Sherman-Woodbury-Morrison to rewrite
=AYy (I-dN+d &) 'd )y,

and solve the involved regularized least-squares
problem with preconditioned LSQR algorithm.

Compute (1) with Girard—Hutchinson estimator
and truncated Mercator series of logarithm.

Advantages of blocked mat-vecs

Forming the augmented Krylov subspace can be
advantageous, since multiplying the matrix A re-
peatedly with blocked b vectors is faster than
multiplying it with the b vectors individually.

= — — o o o
(G - O - S -
] ] ] ] ]

S

—
=

per-vector runtime of mat-vec (ms/b)

2000 4000 6000 8000 10000
matrix size m

Numerical experiments

@ 5.9 - . @ 5.9 -

= 5.8 1 . Z 5.8 -
= . =

T s . M T I . N
106 10-° 104 10-3 10-2 106 10-° 104 10-3 10-2
B B

(a) Direct algorithm. (b) Indirect algorithm.

runtime (s)

Direct algorithm 86.96
Indirect algorithm 937.68
Krylov-augmented  11.91

05 105 104 10 102 (d) Runtime comparison.
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(c) Krylov-augmented.
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