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Finite impulse response (FIR) estimation 2

Input u ∈ Rn Output y ∈ Rn

FIR θ ∈ Rm

Linear observation model [Chen et al., 2023]

y =Φθ+ e

▶ Φ = Toeplitz(u) - input with offsets
▶ θ ∼ N(0,νK(β)) - (unknown) impulse response
▶ K(β) - spline kernel (e.g. SS, TC/DC [Chen et al., 2012])
▶ e ∼ N(0,σ2I) - noise

Goal: determine “best” ν,β,σ2 > 0 Φ = u
u
u
u
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Maximum likelihood estimation 3

y ∼ N(0,σ2I+ νΦK(β)Φ⊤︸ ︷︷ ︸
=A(β)≽0

)

Negative log-likelihood

With λ = σ2/ν and analytical elimination of ν:

L(λ,β) = log( y⊤(λI+A(β))−1y︸ ︷︷ ︸
inverse quadratic form (IQF)

) + Tr(log(λI+A(β)))︸ ︷︷ ︸
trace of logarithm (TRACE)

Minimize with Bayesian optimization:
▶ Evaluate L for many values of (λ,β)
▶ Minimum (λ∗,β∗) gives parameters most likely to produce

the observed data under the assumed model
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Existing methods for evaluating L = IQF + TRACE 4

Direct method [Chen et al., 2023]
For fixed β and any λ

1. Compute eigendecomposition A = VSV⊤

2. (IQF) =
∑n
i=1(λ+ si)

−1(v⊤i y)
2

3. (TRACE) =
∑n
i=1 log(λ+ si)

Indirect method [Chen et al., 2025a]
For fixed (λ,β)

1. Compute Nyström preconditioner P
2. (IQF) ≈ y⊤ LSQR(λI+A,y,P)
3. (TRACE) ≈ Girard-Hutchinson(log(λI+A))

Method scales well with n,m fast λ → L(λ,β)

Direct ×
Indirect ×
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Krylov method for evaluating L = IQF + TRACE 5

Krylov method [M. et al., 2025]
Approximate in Krylov subspaces:

Kk(A,b) = span(b,Ab, . . . ,Ak−1b)

Convenient property: Shift invariance

Kk(A,b) = Kk(λI+A,b)

−→ “fast λ → L(λ,β)”

Lanczos method: Accesses Awith matrix-vector products
−→ “scales well with n,m”

Method scales well with n,m fast λ → L(λ,β)

Krylov
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Krylov method for approximating (IQF) 6

Conjugate gradient approximation of (IQF) = y⊤(λI+A)−1y

For fixed β

1. Compute orthonormal basisQ of Kk(A,y)
2. Compute eigendecomposition of T = Q⊤AQ = VSV⊤

3. Let ỹ = V⊤Q⊤y

4. (IQF) ≈ y⊤Q(λI+ T )−1Q⊤y =
∑k
i=1(λ+ si)

−1ỹ2
i



Krylov method for approximating (TRACE) 7

Trace estimate of (TRACE) = Tr(log(λI+A))
For fixed β

1. Compute orthonormal basisQ of Kk(A,Ω),Ω ∼ Nn×nΩ

2. (TRACE) ≈ Tr(Q⊤ log(λI+A)Q) + “correction term”

Quadratic form evaluation [Chen, Hallman, 2023]

To evaluateQ⊤ log(λI+A)Q, would usually compute

Kl(A,Q) = span(Q,AQ, . . . ,Al−1Q)

× lknΩ elements

= span(Ω,AΩ, . . . ,Al+k−2Ω)

= Kl+k−1(A,Ω) (l+ k− 1)nΩ elements

=⇒ “Krylov-aware trick”
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Krylov-aware approximation of (TRACE) 8

Krylov-aware trace estimate of (TRACE) = Tr(log(λI+A))
For fixed β

1. Compute orthonormal basisQ of Kk(A,Ω),Ω ∼ Nn×nΩ

2.a. Extend orthonormal basisQ toW of Kl+k−1(A,Ω)

2.b. Compute eigendecomposition of T =W⊤AW = VSV⊤

2.c. (TRACE) ≈ Tr(Q⊤W log(λI+ T )W⊤Q)
=

∑knΩ
i=1 log(λ+ si)∥V(1 : knΩ, i)∥2

2



Augmented Krylov subspaces 9

Augmented Krylov subspace

Kk(A,y) +Kk(A,Ω) = Kk(A, [y,Ω])

Can “bundle” matrix-vector products in a block

Av1, . . . ,Avnv −→ A[v1, . . . , vnv ]
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Augmentation benefits for (IQF) 10

Standard result

relative error of (IQF) approximation ⩽ 4
(√

κ− 1√
κ+ 1

)2k

κ = condition number of λI+A

Theorem: Augmentation helps [M. et al., 2025]

Because Kk(A,y) ⊆ Kk(A, [y,Ω])

error of augmented (IQF) approx. ⩽ error of (IQF) approx.
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Implicit preconditioning effect for (IQF) 11
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Bound for implicit peconditioning for (IQF) 12

Theorem: Implicit preconditioning [M. et al., 2025]

Because Kk(P
−1A,P−1y) ⊆ Kk+s(A, [y,Ω]) [Chen et al.,

2025b]

rel. error of augmented (IQF) approx. ⩽ 4

(√
κ̃− 1√
κ̃+ 1

)2(k−s)

κ̃ = condition number of P−1(λI+A) for any P = (I+ X)−1

with range(X) ⊆ Ks+1(A,Ω), s ⩽ k.

E.g. P = Nyström preconditioner [Chen et al., 2025b]



Numerical experiments 13

Test systems:

▶ u ∈ R104
white Gaussian noise (input)

▶ y ∈ R104
with transfer function G(z) = (1 − 0.2z−1)−2 and

add white Gaussian noise such that SNR = 10 (output)

Parameters of Krylov method:
▶ m = 2 × 103 (length of FIR)
▶ k = 40 (number of block Lanczos iterations)
▶ nΩ = 1 (augmentation size)
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Comparison of methods for evaluation of L 14
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runtime (s)

Direct method 67.24
Indirect method 404.62
Krylov method 9.31

( D ) Runtimes of the methods.



Comparison of methods for FIR estimation 15

Direct Indirect Krylov

80

90

100

m
od

el
fit

of
es

ti
m

at
ed

FI
R

( A ) Model fit of the methods.

Direct Indirect Krylov
0

50

100

150

ti
m

e
to

es
ti

m
at

e
FI

R
(s

)
( B ) Runtime of the methods.



Conclusion 16

The Krylov method exploits the shift-invariance and nestedness of
Krylov subspaces to produce fast and accurate estimates of FIRs



Questions



Improvement: Trace correction term 18

We estimate

Tr(log(λI+A)) ≈ Tr(Q⊤ log(λI+A)Q⊤) + “correction term”

Correction term is trace estimate of residual

Tr(B) = Tr(QQ⊤B) + Tr((I−QQ⊤)B)

= Tr(Q⊤BQ) + Tr((I−QQ⊤)B(I−QQ⊤))

≈ Tr(Q⊤BQ) +
1
nψ

nψ∑
i=1

ψ⊤Bψ︸ ︷︷ ︸
“correction term”

with ψ = (I−QQ⊤)z for z ∼ N(0, I).



Mutual benefits for (TRACE) 19

Conjecture: Augmentation helps

error of augmented (TRACE) approx. ⩽ error of (TRACE) approx.

▶ Seems to hold numerically
▶ Theoretically not yet shown



Krylov-augmented FIR estimation 20

Algorithm: Krylov-augmented FIR estim. [M. et al., 2025]

Input: Input signal u ∈ Rn and output signal y ∈ Rn
Parameters: FIR length m, iterations k, augmentation size nΩ
Output: Maximum likelihood estimate of FIR θ∗

Form Toepliz matrixΦ = Toepliz(u)
Optimize in β by evaluating L(λ,β) with the Krylov method:

1. Sample Gaussian random matrixΩ ∈ Rn×nΩ

2. Q, T = Block-Lanczos(ΦK(β)Φ⊤, [y,Ω],k)
3. s,V = eig(T )

4. w = ∥y∥2
2V(1, :)2 and w̃ =

∑knΩ
j=1 V(j, :)

2

5. Minimize λ 7→ log(
∑
i(λ+ si)

−1wi) +
∑
i log(λ+ si)w̃i

Return θ∗ = K(β∗)Φ⊤Q(λ∗I+ T )−1Q⊤y
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Krylov methods in different scenarios 21
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