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Example: Speech dereverberation 1
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Input u € R™ (Speaker)
Output y € R™ (Microphone)
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Finite impulse response (FIR) model 2

(unknown) impulse response

|

y=>®0+e




Gaussian priors [Chen et al., 2023]

y=®0+e
Assumption:

> 0 ~N(0,vK(f)) - (unknown) impulse response
> e ~N(0, 0?I) - noise

Yy ~N(0,0%I + vOK(B)D ")
N———

=A(B)>0

Goal: determine “best” v, 3,02 > 0



Maximum likelihood estimation

Negative log-likelihood of y

With A = 02 /v:

LA B) =log( y" (AL +A(B)) 'y )+ log(det(AL + A(B)))

inverse quadratic form (IQF) log-determinant (LOGDET)

for the symmetric positive semidefinite matrix A(3).

» Minimum (A*, 3*) gives “best” fitting parameters

» Optimizer needs to evaluate £ for many pairs (A, 3)



Fast and scalable evaluation of £



Existing methods for evaluating £ = IQF + LOGDET 6

Direct method [Chen et al., 2023]
For fixed 3 and any A

1. Compute eigendecomposition A(B) = VSV
2. (IQF) = X (A +5) ' (v y)?
3. (LOGDET) = Y ™, log(A + si)

Indirect method [Chen et al., 2025a]
For fixed (A, B)

1. Compute Nystrom preconditioner P for AI + A(f3)
2. (IQF) ~ y " LSQR(AL + A(B),y,P)
3. (LOGDET) =~ Girard-Hutchinson(log(AI + A(f)))

Method scales well with size of A(B) fastA — L(A,B)

Direct X v’
Indirect v’ X




Idea of our algorithm 7

Approach: Fix 3 and use a Krylov subspace method for
A = A(f3) to exploit the shift-invariance with A:

K (AL + A, b) = Ky (A, b) = span {b,Ab,A2b, . ,A‘Hb}

Optimization process:
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Computing the IQF

L) =log(y"(AI+A) "y )+ log(det(AI + A))

Let Q orthonormal basis of
Kr(A,y) =span {y,Ay,AQy, e ,Ak_1y}

and T=Q'AQ.

Definition: Inverse quadratic form approximation

Standard approximation
y AM+A) 'y ~y QAL+ T)'Q Ty

Z 2N AT



Computing the IQF (convergence)

Lemma: IQF approximation bound [M. et al., 2026]

y AI+A)"y—y"QAI+T)'Q"y
y AL+ A) 'y

/

ca(E)

where « is the condition number of A.



Computing the LOGDET

LA, B) =log(y (AL +A) 'y) + log(det(AI + A))

Let Q Gaussian random matrix and Q orthonormal basis of
K (A, Q) = span {Q,AQ, A2Q,. .. ,A‘HQ}

and T=Q'AQ.

Definition: Log-det approximation [Li, Zhu, 2021]

Standard approximation

log(det(AI + A)) ~ log(det(A\I + QTQ "))

= (m—mn)log(A) + ) log(A+A;(T))

i=1



Computing the LOGDET (convergence)

Lemma: LOGDET approximation bound [M. et al., 2026]

Ai(A)

N )+ ..

(log(detm +A)) — log(det(AI + QTQT))‘ <Y log(1+



Augmented Krylov subspace

What if we combine/augment the Krylov subspaces

g{k(A’y) + Kk(A,Q) — gck(Ai [U, Q])

and take Q as ONB of Ky (A, [y, Q]) and T = QTAQ?

Benefits:
» Less matrix loads
» Simpler to implement

» Higher accuracy*



Analysis



Augmentation helps

Since K (A, y) € Kk (A, [y, Q]) = “augmented” estimator
yTQAL+T)! QTy is always better [M. et al., 2026]

Since Ky (A, Q) C Ky (A, [y, Q]) = “augmented” estimator
log(det(AI + (AQT'(AQT)) is always better [M. et al., 2026]



Implicit preconditioning

Improved convergence with augmentation

~ ~ T
y' M +A) 'y—y"QAI+T)'Q y
y AL+ A) Ty

2k
V-1
<4 =
VR +1
where R is the condition number of P~ A for any P = (I +X)~
with range(X) C K, 1(A, Q), s < k [Chen et al., 2025b].

1

Example: P is Nystrom preconditioner [Frangella et al., 2023].



Experiments



Comparison of methods for evaluation of £

(A) Direct method.

10°
108

10!

(¢) Krylov method.
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(B) Indirect method.

runtime (s)

Direct method 67.24
Indirect method 404.62
Krylov method 9.31

(D) Runtimes of the methods.



Comparison of methods for FIR estimation
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(A) Model fit of the methods. (B) Runtime of the methods.
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