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Definition 1

Spectral density

A ∈ Rn×n symmetric with
eigenvalues λ1, . . . , λn, t ∈ R

ϕ(t) =

n∑
i=1

δ(t− λi)

t

λ1 . . . λn

Smoothed spectral density

A ∈ Rn×n symmetric with
eigenvalues λ1, . . . , λn,
gσ : R → R+ smooth (e.g.
Gaussian of width σ), t ∈ R

ϕσ(t) =

n∑
i=1

gσ(t− λi)

t

λ1 . . . λn



Application: Bandstructure of electornic system 2

Electronic structure Hamiltonian

Hu(x) = −∆u(x) + V(x)u(x)

V(x) periodic Gaussian wells potential [Lin, 2017]
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Application: Sharpness-aware optimization 3

Neural network optimization

loss :=
∑
i

∥yi −NN(xi)∥
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Link to trace estimation 4

▶ Often large/implicit A
=⇒ difficult to compute λ1, . . . , λn
=⇒ can’t form ϕσ(t) =

∑n
i=1 gσ(t− λi)

▶ Since
∑n

i=1 f(λi) = Tr(f(A)):

ϕσ(t) = Tr(B(t)) , B(t) = gσ(tI−A)

=⇒ ϕσ is trace of parameter-dependent SPD matrix B(t)

▶ Common approach: Do trace estimation [Lin et al., 2016]



Trace estimation for parameter-dependent matrices



Estimator I: Girard-Hutchinson—the basic one 6

Sample ψ1, . . . ,ψnΨ
∼ N(0, In) and form

Tr(B) ≈ TrΨ(B) :=
1
nΨ

nΨ∑
j=1

ψ⊤
j Bψj

[Hutchinson, 1990, Girard, 1989]

Constant case: Girard-Hutchinson [Meyer et al., 2021]

Provided nΨ = O(ε−2 log(δ−1)), then with probability ⩾ 1 − δ

|Tr(B) − TrΨ(B)| ⩽ ε∥B∥F



Estimator I: Girard-Hutchinson—the basic one 7

Sample ψ1, . . . ,ψnΨ
∼ N(0, In) ( same for all t ) and form

Tr(B(t)) ≈ TrΨ(B(t)) :=
1
nΨ

nΨ∑
j=1

ψ⊤
j B(t)ψj

Lemma I: Girard-Hutchinson [M. et al., 2026]

Provided nΨ = O(ε−2 log(δ−1)), then with probability ⩾ 1 − δ∫b
a

|Tr(B(t)) − TrΨ(B(t))| dt ⩽ ε

∫b
a

∥B(t)∥F dt



Low-rankness of B(t) 8

Singular values of B(t) = gσ(tI−A):

σi(t) = gσ(t− λ(i)), i = 1, . . . ,n

with eigenvalues λ(1), . . . , λ(n) of A sorted as

|t− λ(1)| ⩽ · · · ⩽ |t− λ(n)|

λ(6) λ(5) λ(2) λ(1) λ(3) λ(4) λ(7)

t

σ6(t) σ5(t)

σ2(t)

σ1(t)

σ3(t)

σ4(t) σ7(t)

gσ(t− ·)



Estimator II: Nyström—the powerhouse 9

Sample GaussianΩ ∈ Rn×nΩ ( same for all t ) and form

BΩ(t) = (B(t)Ω)(Ω⊤B(t)Ω)†(B(t)Ω)⊤

to approximate

Tr(B(t)) ≈ TrΩ(B(t)) := Tr(BΩ(t)),

Theorem: Nyström estimator [M. et al., 2026]

If nΩ ⩾ r+ 4 ⩾ 6, γ ⩾ 1, then with probability ⩾ 1 − γr−nΩ

∫b
a

|Tr(B(t)) − TrΩ(B(t))| dt ⩽ γ2(1 + r)

∫b
a

n∑
i=r+1

σi(t) dt



Combining things 10

▶ Girard-Hutchinson converges slowly (Monte-Carlo)

▶ Nyström not effective if eigenvalues of A are clustered

Use residual trace estimation [Lin, 2017, Meyer et al., 2021,
Persson et al., 2022]

Tr(B(t)) ≈ TrΨ,Ω(B(t)) := Tr(BΩ(t)) + TrΨ(B(t) − BΩ(t)︸ ︷︷ ︸
Nyström residual

)

Lemma II: Nyström estimator [M. et al., 2026]

Provided nΩ = O(ε−2 + log(δ−1)), then with probability ⩾ 1−δ∫b
a

∥B(t) − BΩ(t)∥F dt ⩽ ε

∫b
a

Tr(B(t)) dt



Estimator III: Nyström++—the allrounder 11

Theorem: Nyström++ estimator [M. et al., 2026]

Provided nΨ = nΩ = O(ε−1 log(δ−1)), with probability ⩾ 1 − δ∫b
a

|Tr(B(t)) − TrΨ,Ω(B(t))| dt ⩽ ε

∫b
a

Tr(B(t)) dt

Proof: ∫b
a

|Tr(B(t)) − TrΨ,Ω(B(t))| dt

=

∫b
a

|Tr(B(t) − BΩ(t)) − TrΨ(B(t) − BΩ(t))| dt

Lem I
⩽ ε̃

∫b
a

∥B(t) − BΩ(t)∥F dt

Lem II
⩽ ε̃2

∫b
a

Tr(B(t)) dt



An alternative interpretation 12

Nyström++ estimator

TrΨ,Ω(B(t)) = Tr(BΩ(t)) + TrΨ(B(t) − BΩ(t))

▶ If nΩ = 0:

TrΨ,0(B(t)) = Tr(B0(t))+TrΨ(B(t)−B0(t))

=⇒ Girard-Hutchinson estimator
▶ If nΨ = 0:

Tr0,Ω(B(t)) := Tr(BΩ(t))+Tr0(B(t) − BΩ(t))

=⇒ Nyström estimator



Algorithm for spectral density estimation



Spectral density estimator 14

We consider the following spectral density approximation

ϕσ(t) ≈ ϕ̂σ(t) := TrΨ,Ω( gσ(tI−A) )

Problem: Difficult to evaluate gσ(tI−A):
▶ A typically large/implicit
▶ gσ usually Gaussian

Solution: Use Chebyshev interpolant of gσ1 [Lin, 2017]

1assume WLOG spectrum of A in [−1, 1]



Chebyshev matrix function interpolation 15

Approximate

gσ(t− ·) ≈ g
(m)
σ (t− ·) :=

m∑
ℓ=0

µℓ(t)Tℓ(·)

with {µℓ(t)}
m
ℓ=0 = DCT−1{gσ(t− sk)}

m
k=0, sk = cos(πk/m)2

Problem: g(m)
σ can be negative =⇒ g

(m)
σ (tI−A) indefinite

−1 0 1
t

0

1

2

3

4 gσ

g
(m)
σ

2DCT = Discrete cosine transform



Non-negative Chebyshev interpolation 16

Solution: Non-negative Chebyshev interpolation:
1 Take square root
2 Interpolate square root
3 Square interpolant

−1 0 1
t

0
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3

4 gσ√
gσ

1

−1 0 1
t

0
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3

4 √
gσ

√
gσ

(m)

2

−1 0 1
t

0

1

2

3

4 gσ

(
√
gσ

(m))2

3

▶ O(m log(m)) squaring with DCT [Baszenski, Tasche, 1997]
▶ Exponential convergence maintained [M. et al., 2026]



Chebyshev-Nyström++ method 17

The final spectral density estimator is

ϕσ(t) ≈ ϕ̂
(m)
σ (t) :=

Nyström++︷ ︸︸ ︷
TrΨ,Ω(g

(m)
σ (tI−A)︸ ︷︷ ︸

Chebyshev interp.

)

Theorem: Chebyshev-Nyström++ method [M. et al., 2026]

Provided m = O((log(ε−1) + log(σ−1))/ log(1 + σ)) and
nΩ = nΨ = O(ε−1 log(δ−1)), then with probability ⩾ 1 − δ∫1

−1

∣∣∣ϕσ(t) − ϕ̂
(m)
σ (t)

∣∣∣ dt ⩽ ε



Numerical experiments



Convergence speed 19

Girard-Hutchinson queries + Nyström sketch size = fixed
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Allocation of random vectors 20

Girard-Hutchinson queries + Nyström sketch size = fixed
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Comparison Krylov-aware estimator 21

10−3 10−2 10−1

smoothing parameter σ
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KA (I)
KA (II)
KA (III)
KA (IV)
CN++

nΩ nΨ q r time (s)

KA (I) 10 60 20 10 3.42
KA (II) 20 30 20 10 2.12
KA (III) 10 30 40 10 3.92
KA (IV) 10 30 20 20 2.20

nΩ nΨ m time (s)

CN++ 20 20 2000 3.77
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