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Summary

We develop a family of methods used to approximate the distribution of the
eigenvalues — the spectral density — of large symmetric matrices. These methods
are based on the polynomial expansion of a smoothing function in combination
with either a randomized trace estimation, a randomized low-rank factorization,
or both simultaneously.

Initially, we give an introduction and overview of procedures which are used
in literature to compute the spectral density of matrices. Then, we proceed by
showing how some matrix functions can efficiently be computed based on their
Chebyshev expansion using the discrete cosine transform. Together with the
Girard-Hutchinson stochastic trace estimator, we construct a first algorithm for
approximating the spectral density: the Delta-Gauss-Chebyshev method. Sub-
sequently, an analysis of the structure of a matrix function involved in the com-
putation motivates the usage of a Nystrom low-rank factorization for reducing
the dimensionality of the problem, which leads us to the Nystrém-Chebyshev
method. To circumvent the inefficiency of one and the lack of robustness of
the other method they are combined into a third algorithm called the Nystrom-
Chebyshev++ method.

The techniques employed in these methods are motivated and introduced in
a rigorous manner. We present multiple implementation strategies for improved
computational speed, accuracy, and stability, and give a theoretical analysis of
each method. In various experiments the analysis of our algorithms is numeri-
cally confirmed and their effectiveness is compared to other conventionally used
methods.

Keywords: Spectral density, Chebyshev expansion, discrete cosine transform,
stochastic trace estimation, Girard-Hutchinson estimator, randomized low-rank
factorization, Nystrom approximation, matrix functions, parameter dependent
matrices






Résumé

Nous développons une famille de méthodes utilisées pour calculer approxima-
tivement la distribution des valeurs propres — la densité spectrale — de grandes
matrices symétriques. Ces méthodes sont basées sur I’expansion polynomiale
d’une fonction lisse en combinaison avec une estimation probabiliste de la trace,
une factorisation probabiliste de rang bas, ou les deux simultanément.

D’abord, nous présentons une introduction et une vue d’ensemble des procé-
dures utilisées dans la littérature pour calculer la densité spectrale des matrices.
Ensuite, nous montrons comment certaines fonctions matricielles peuvent étre
calculées efficacement sur la base de leur expansion de Chebyshev en calculant
les transformées en cosinus discretes. L'utilisation de I’estimateur stochastique
de trace de Girard-Hutchinson mene a un premier algorithme d’approximation
de la densité spectrale : la méthode Delta-Gauss-Chebyshev. Ensuite, une anal-
yse de la structure de la fonction matricielle impliquée dans le calcul motive
'utilisation d’une factorisation de Nystrom de rang bas pour réduire la di-
mensionnalité du probleme, ce qui nous conduit a la méthode de Nystrom-
Chebychev. Pour contourner l'inefficacité de 1'une et le manque de robustesse de
I'autre méthode, elles sont combinées en un troisiéme algorithme appelé méth-
ode Nystrom-Chebychev++.

Les techniques employées dans ces méthodes sont motivées et introduites
de manieére rigoureuse. Nous présentons plusieurs stratégies d'implémentation
pour améliorer la vitesse de calcul, la précision et la stabilité, et nous donnons
une analyse théorique de chaque méthode. Dans diverses expériences, ’analyse
de nos algorithmes est confirmée numériquement et leur efficacité est comparée
a d’autres méthodes conventionnelles.

Mots-clés : Densité spectrale, expansion de Chebyshev, transformée en cosi-
nus discrete, estimation probabiliste de trace, estimateur de Girard-Hutchinson,
factorisation probabiliste de rang bas, approximation de Nystrom, fonctions
matricielles, matrices dépendantes des parametres
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periment in an article is correct? And how can collaborators quickly understand
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which are being used (code, data, ...); running all the computations and gen-
erating the corresponding results (plots, tables, ...); and compiling the project
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out too much effort by using the continuous integration frameworks offered in
most contemporary software development and version control services, such as
GitHub actions or GitLab CI/CD. Corresponding guidelines and resources will
be made available in due timd'l
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Notation

We try to follow the notation and conventions which are used in contemporary
literature in this field. That is,

* we exclusively work with objects over the real numbers R and non-zero
integers N;

e scalar are represented by lower case Greek or Latin letters (s, ¢, ... ), vectors
are additionally printed in bold (v, u, ...), and matrices are additionally
capitalized (A, Q, ...);

* the components of avectorv € R™arev; € R,i =1,...,n, and the elements
of amatrix A € R™™areay; € R, i,j=1,...,n;

¢ the identity matrix I,, = diag(1,...,1) € R™*™ carries ones on its diagonal
and zeros everywhere else. The zero matrix 0, € R™ ™ consists of only
Zero entries;

* the eigenvalues of a square matrix A € R™*™ are all scalars A which, to-
gether with some non-zero vectors v, satisfy the condition Av = Av. We
denote them as A; > --- > A, or, if we know them to be non-negative, as
0p2---20n 20

* the trace of a square matrix A € R™*" is the sum of its diagonal elements
Tr(A) = >_1" | a;; but also the sum of its eigenvalues Tr(A) = > 1" | Ay;

e the transpose of a matrix A is denoted with A ™. Real symmetric matrices
satisfy A" = A and allow for a spectral decomposition A = UAU" with
A = diag(Ay,...,Ay) € R™™ and U € R™*™ such that u'u =1, You
may assume every symbol A you encounter in this thesis to represent a
real symmetric matrix;

e matrix norms are denoted with ||-||.. For symmetric matrices, the Schatten
norm is ||A| ) = (X1, IAiP)1/P. We refer to the spectral norm as ||A||; =
|A]l(0) = maxi—1,n [Ail, the nuclear norm as |A . = ||[A|lq1) = 21— Al
and the Frobenius norm is [|A | = [|A @) = (31, A:f?)z;

X1
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the pseudoinverse of a matrix is denoted with A'. Tt satisfies AT = (ATA)TAT,
and if A has linearly independent columns, it acts as a left inverse in the
sense that ATA = 1, [33];

a matrix B € R™*™ is said to be positive semi-definite if its eigenvalues are
all non-negative. You may assume every symbol B you encounter in this
thesis to denote a real positive semi-definite matrix;

closed interval are written as [a, b] C R and open intervals as (a,b) C R;

the LP-norm of a real-valued, integrable function f on [—1, 1] is defined as

Ifll, = (jl_ ()P ds)/P with respect to the Lebesgue integral. Further, we
define |[f||loo = sup (1 If(s)];

convolutions between two functions f : R -+ Rand g : R — R can be
defined as (f x g)(t) = [~ f(s)g(t — s)ds;

—00

the expected value is denoted with E and the variance with Var;

Euler’s number is printed as e and its corresponding natural logarithm as
log;

Dirac’s delta distribution is written as & and satisfies fiooo f(s)o(t—s) = f(t)
as well as §(cs) = %6(3) for any ¢ € R\ 0 [9, chapter 15]. The Kronecker
delta 8;; is 1 if i = j, otherwise 0;

the trigonometric cosine function is denoted with cos and its inverse with
arccos.

the real part of a complex number z is %i(z) while its imaginary part is J(z).
The complex unit is printed as ;

we use O to describe the asymptotic lower and upper bounds on the com-
plexity of a computation. For those more familiar with the Bachmann-
Landau notation [7, section 3.2], please allow us — for simplicity — to use O
as though it was ©;

c(n) denotes the computational complexity of a matrix-vector product;

and finally, we call an operation prohibitively expensive, if its complexity
scales more than quadratically with the size of the problem.
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Chapter 1

Introduction

In many problems in physics, chemistry, engineering, and computer science, the
eigenvalues of certain matrices help understand the nature of a system: In elec-
tronic structure calculations they represent the allowed energy levels electrons
can occupy [10, 16, 27]; in neural network optimization they are indicative of the
optimization speed [4) 6, 36]; and in graph processing they can uncover hidden
graph motifs [24} 21}, 32]. However, computing the eigenvalues of a matrix can
be prohibitively expensive. Furthermore, when analyzing these systems, it is
often not crucial to know the exact individual eigenvalues, but more so their
approximate locations with respect to each other, such as eigenvalue clusters or
spectral gaps.

The goal of spectral density theory is to find the approximate distribution
of the eigenvalues of large matrices. In this introductory chapter we define the
spectral density of a matrix, give an overview of the most common ways of
approximating it, and show how the work in this thesis is embedded in current
research on spectral density approximations.

1.1 SPECTRAL DENSITY

In most applications, the studied matrices are real, i.e. A € R™*™, and symmetric,
i.e. AT = A, such that their eigenvalues A4, ..., A, are all real. This allows us to
define their spectral densities on the real line.

Definition 1.1: Spectral density of a matrix

Let A € R™*™ be a symmetric matrix with eigenvalues A;jje R,i=1,...,n. We
define the spectral density ¢|as the functional

(1.1) B()= =Y 8(t—AJ),
i=1
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involving the Dirac delta distribution 8|and aspectral parameter t| € R.

is the probability density [23] of the cumulative empirical spectral measure
[6]. Knowing |p| of a matrix would — in theory — allow us to reconstruct its
eigenvalues. Furthermore, [p|can for example be used to count the number of
eigenvalues of a matrix which lie within an interval [a, b]

b
(12) Viab] = TIJ d)(t)dt,
or to compute the trace of a matrix function [27]
(1.3) Tr(f(A)) = ) f(A) = nJ £(t)d(t)dt.
i=1 >

Constructing the [spectral density ¢| (definition 1.1) of a matrix amounts to
knowing all its eigenvalues, which are often prohibitively expensive to compute.
Since we can neither hope to measure the convergence of a smooth approxima-
tion to|p|in any of the conventionally used LP-norms, nor visualize the spectral
density in a simple and easily interpretable plot, we work with a smooth version
of the spectral density.

1.2 SMOOTH SPECTRAL DENSITY

We regularize [p| with a suitable [smoothing kernel g,|to define the

tral density ¢ ,|as the convolution

(A9 Golt) =@+ 9t = | BEgolt—s)ds == 3 galt =20
i=1

—00

The[smoothing parameter o] > 0 controls by how much [¢]is smoothed (see
[L.1). Typically, large o] allow for easier approximations of [ | but at the cost of
losing many of the finer characteristics of the spectrum.

Commonly, [g4]is chosen to be a Gaussian of width|o]
1 52
202

1.5 olS) = e 20°,
(15) 90(5) = ——

due to its rapidly decaying tail and desirable interpolation properties. There are
many other choices possible for Ideally, should be smooth, symmetric,
non-negative, and tend — in a weak sense — towards the Dirac delta distribution|
|§] in the limit of @ — 0. Another commonly used kernel is the Lorentzian, which
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FIGURE 1.1 — Schematic depiction of the spectral density of a simple matrix
with 10 eigenvalues for different values of the smoothing parameter o.

will be discussed in an example in

Because we only consider symmetric matrices, we may represent A € R™*™
using its spectral decomposition A = UAU' where A € R™*" is the diagonal
matrix which carries the eigenvalues of A on its diagonal and U € R™™ is
orthonormal, i.e. U'U = I, [20, theorem 4.1.5]. Thus, if we absorb the 1/n factor
from in|g), use the definition of a smooth function f applied to a symmetric
matrix f(A) = Uf(A)UT, with f(A) = diag(f(A1), ..., f(An)) [19, definition 1.2],
and finally use the invariance of the trace under orthonormal transformations,
we may write

n

(1.6) Golt) =Y golt—Ai) = Tr(go(tly — A)).

i=1

In this way, we have just converted the problem of computing the eigenvalues
of a matrix to computing the trace of a function applied to the same matrix, for
which — we will see — exist many efficient algorithms.

1.3 OVERVIEW OF THE METHODS DEVELOPED
IN THIS THESIS

The three methods we will develop in this thesis are based on [27]. All of them
are closely related to each other. In a first stage, they all expand the matrix
function g,(tI, — A) from[(1.6)|in a truncated basis of Chebyshev polynomials.
The |Delta-Gauss-Chebyshev (DGC)| method then proceeds by approximating
the trace in|(1.6)|with a stochastic trace estimator. The Nystrom-Chebyshev (NC)|
method instead expresses the expanded matrix function as a product of smaller
matrices, for which we can directly compute the trace. Finally, the
[Chebyshev++ (NC++) method combines the DGC|and [NC| method by first fac-
torizing the matrix and subsequently correcting for the approximation error by
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estimating the trace of the residual of this approximation with a stochastic trace
estimator. In fact, if we denote with ¢5™ the approximation of | 5| computed

with the DGC|method, '™ the one computed with the method, and $5™
the one with[NC++, we can show that

(1.7) o™ = o™ 4+ ™ — some additional term.

It will turn out that the additional term can be determined by applying the DGC|
method to the matrix factorization produced in the method. A schematic
overview of the relation between these methods can be found in

Chebyshev expansion

. wation low..
%»&“a Wery
e
& G
&

LY, (#)
o 2
Nol <)
g z

< 2
‘5 =]
k"

FIGURE 1.2 - Overview of the techniques used in the three methods developed
in this thesis: the |Delta-Gauss-Chebyshev (DGC)| [Nystrom-Chebyshev (NC),
and [Nystrom-Chebyshev++ (NC++)methods.

The @ method from [27] is very similar to our version of this method,
except that we employ a more rigorous and faster approach when computing the
Chebyshev expansion. [27] also proposes the [spectrum sweeping (SS)| method,
as well as therobust and efficient spectrum sweeping (RESS)method. We decide
to not discuss the[SS|method, since we have found an equivalent version of this
method which incorporates the “efficient” part from the method at no loss
of accuracy. We call it the[NC|method. Finally, the[NC++ method is derived from
the method. Both the [NC|and [NC++ methods feature major algorithmic

improvements compared to their ancestors.

1.4 RELATED WORK

Multiple approaches have been taken for approximating the [spectral density ¢|
of a large symmetric matrix. Most of which can loosely be grouped into two
big families of methods (see also for an illustrated overview of the
methods):
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1. Lanczos-based methods first partially tridiagonalize the matrix and sub-
sequently either extract Ritz values or directly exploit properties of the
ismoothing kernel g,|to approximate

2. and expansion-based methods, which either compute a truncated expan-
sion of[p| or[g,|in a polynomial basis and subsequently make use of trace
estimation to approximate [¢}]

Among the Lanczos-based methods features the Haydock method [16)] 28]].
It stochastically estimates the trace of the Lorentzian kernel applied to a matrix
by first tridiagonalizing the matrix with a few iterations of the Lanczos algo-
rithm [25] and subsequently evaluating the matrix function using a continued
fraction formula. The stochastic Lanczos quadrature 28,42 6] also first tridiago-
nalizes the matrix. It then extracts the nodes and weights for the corresponding
Gaussian quadrature to build an approximate spectral density. The expansion-
based methods encompass the kernel polynomial methods [37, 43, 44] which
involve the formal expansion of a suitable modification of }p|in a basis of orthog-
onal polynomials. The Delta-Gauss-Legendre [28]] and Delta-Gauss-Chebyshev
[27] methods instead expand |[g,|and use this expansion to efficiently evaluate a
stochastic trace estimator.

It turns out that these two families are not distinct, and in fact some of these
methods can be shown to be equivalent to each other: The Lanczos algorithm
can be used as an engine for the kernel polynomial method [5], while smoothing
the approximation resulting from the kernel polynomial method will give the
same result as the Delta-Gauss-Legendre and Delta-Gauss-Chebyshev methods
[28].

Spectral densities of matrices have found use in priming the computation of
matrix functions [12] and in parallelized eigenvalue solvers [35, 26]. In recent
years, significant progress in the theory of stochastic trace estimation, which is
the backbone of most expansion-based methods for approximating spectral den-
sities, has been made [30} 34]. These developments involved demonstrating the
reciprocal decrease of the approximation error with the number of matrix-vector
multiplication queries used, which is a highly desirable algorithmic property.

1.5 MAIN CONTRIBUTIONS

Besides a couple of small clarifications to [27], we see our main contributions to
be

* the development of a simple and consistent|discrete cosine transform (DCT)-
based interpolation scheme which allows us to speed up [27, algorithm 5]
by orders of magnitude at no loss of accuracy;
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¢ the proposal of multiple algorithmic improvements and speed-ups for all
methods from [27];

¢ the derivation of an a priori guarantee for the number of matrix-vector
products needed to get an accurate approximation of the spectral density
under certain assumptions;

* proposal of a simple generalization of the presented methods to other com-
monly used randomized low-rank approximation schemes;

¢ a fast and rigorously documented implementation of all the algorithms
following the notation and conventions of this thesis, which can be used to
reproduce every plot, table, and much mord}

1.6 STRUCTURE OF THE THESIS

This paragraph finishes off the introductory [chapter 1} Inchapter 2|we discuss
the Chebyshev expansion, present an efficient way of computing it, and study
its convergence. We also take a look at stochastic trace estimation to then con-
struct a first algorithm, the [Delta-Gauss-Chebyshev (DGC) method, using these
tools. is dedicated to the use of randomized low-rank factorization
of matrices for computing spectral densities, which gives rise to a second algo-
rithm, the [Nystrom-Chebyshev (NC)|method. Putting the ideas from the two
previously discussed algorithms together, we end up with a fast and general
algorithm, the Nystrom-Chebyshev++ (NC++)method, for computing spectral
densities of large matrices in|chapter 4] In|chapter 5, we study the accuracy and
computational time of these algorithms on numerous numerical experiments.

We conclude the thesis in

! A GitHub repository with the code which allows to easily reproduce this entire document is
available at https://github.com/FMatti/Rand-SD.
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Origin [16] Haydock (1972)
Smoothing| Lorentzian
Expansion |Lanczos

Trace Hutchinson’s

Lanczos based

Haydock method

Stochastic Lanczos quadrature
Origin [28] Lin et al. (2016)
Smoothing None

Expansion | Lanczos

Trace Hutchinson’s

Origin

$*got Trace

Origin Lin et al. (2016)
Smoothing| Usually Gaussian
Expansion | Legendre

Trace Hutchinson’s

Polynomial expansion based

Kernel polynomial method
Silver et al. (1994)
J Smoothing None

Expansion |Chebyshev/Legendre .
Hutchinson’s

--mmmm

b *go

Delta-Gauss-Legendre

—o—— This thesis

Delta-Gauss-CheysheV
Origin Lin (2017)
Smoothing|Usually Gaussian
Expansion | Chebyshev

Trace Hutchinson’s

TTLQ = 0
Origin [27] Lin (2017)
Smoothing|Usually Gaussian
Expansion |Chebyshev
Trace Nystrom/Nystrom++

FIGURE 1.3 - An overview of some popular methods for approximating spec-
tral densities of large symmetric matrices. For each method, the publication
where we have encountered them in, the type of smoothing it applies, what kind
of expansion is used, and how the trace in[(1.6)|is approximated are mentioned.
Relations between the methods are indicated with dashed lines.







Chapter 2

Interpolation and trace estimation

For many jsmoothing kernel g} as is for example the case with Gaussian smooth-
ing|(1.5), we cannot compute the matrix function

(21) gc(tln - A)

involved in without first diagonalizing A, which can be prohibitively ex-
pensive for large A. A way around this problem is to refrain from trying to
assemble the matrix function explicitly and instead use the fact that thanks to
[(1.6)]we are only interested in its trace. Approximating the trace can be done by
multiplying the matrix with random vectors, to then — for example — evaluate the
Girard-Hutchinson trace estimator [22]. The multiplication of a matrix function
with a vector can often be determined quite efficiently using Krylov subspace
methods [19, chapter 13.2]. Another way in which products of matrix functions
with vectors can be computed involves expanding the function in terms of a
finite set of orthogonal polynomials and subsequently using a recurrence rela-
tion to efficiently construct the result. This approach turns out to be particularly
effective when we work with matrix functions which smoothly depend on a
parameter within a bounded interval, and if we want to evaluate the function
at a large number of values of this parameter. In this chapter we will analyze
one such expansion, the Chebyshev expansion, which gives rise to an efficient
method for approximating the spectral density, particularly when the

levaluation points nis large.

2.1 CHEBYSHEV INTERPOLATION

The Chebyshev interpolation framework is best known for its stability, beneficial
convergence properties, and simple three-term recurrence relation which
can be exploited to efficiently compute products of Chebyshev polynomials with
vectors.
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At the foundation of Chebyshev interpolation lie the (Chebyshev polynomials|
They are defined for all | € N as [39, chapter 3]

(2.2)

T : 1,1 — [—1,1]
Ty(s) = cos(larccos(s)).

They satisfy the three-term recurrence relation

TO(S) =1 — Y,
(2.3) Ti(s) =s =1,
Ti(s) =2sTi1(s) = Tia(s) 1=>2,

which can be shown using their definition and a standard trigonometric
identity.

A function f : [-1,1] — R can be expanded in a basis of Chebyshev polyno-
mials up to|degree of expansion m| € N [39, chapter 3]

(24) f™(s) =) wT(s).
1=0

For functions f which can be analytically extended in a certain neighborhood of
[—1,1] in the complex plane, Bernstein’s theorem [38, theorem 4.3] establishes
that the convergence of this expansion in the L**-norm is exponential.

The coefficients {1 in could be computed using the orthogonality of
the Chebyshev polynomials with respect to a certain inner product, and some
authors indeed suggest approximating the involved integral using a quadrature
rule with evenly spaced nodes [27, equation 8]. However, we cannot find a good
theoretical guarantee that this will be accurate. Instead, we use a significantly
simpler, faster, and provably accurate way of computing the coefficients of the
Chebyshev expansion of a function f : [-1,1] — R [39,[1]: If the values f(™)(s;)
at some m + 1 distinct points {s;}*, are known, the coefficients {p >, of this
polynomial are uniquely determined [13]]. For the choice s; = cos(mi/m),i =

0,...,m,|(2.4) reads
m ..L
(2.5) fm(s;) = Z I COS (%) ,
1=0

which coincides with a|discrete cosine transform (DCT)f|of the coefficients {i ™.
Thus, if we collect the coefficients {i, 1, in a vector p € R™"! and the function

IThere exist multiple conventions for the The one which we use is (up to scaling of the
first and last coefficient) referred to as a type I and is efficiently implemented in the SciPy
Python package: https://docs.scipy.org/doc/scipy/reference/generated /scipy.fft.dct.htmll
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evaluations {f(™(s;)}I"; in another vector f € R™"!, we can pass back and forth
between the two with

(2.6) f =DCT{u} = u=DCT YfL.

In short, computing the coefficients of the Chebyshev expansion of the
function f amounts to evaluating this function at m 4 1 well chosen points and
computing the inverse The corresponding algorithm can be found in[algo}
This procedure is usually inexpensive and can be done in O(mlog(m))
operations [29].

Algorithm 2.1: Chebyshev expansion

Input: Function f: [-1,1] - R

Parameters: [degree of expansion m/

Output: Coefficients {i 1, of the expansion (™ (s) = > " iy Ti(s)
1: Evaluate f at {cos(7ti/m)}", and store the results in f € R™"!
2: Compute p = DCTL(f)
3: Letyw = (u)forl=0,...,m

To demonstrate the higher efficiency of this based method, we time it
against the corresponding algorithm from [27]. The results can be seen in
21

TABLE 2.1 — Comparison of the runtime in milliseconds of the two approaches
for computing the coefficients of the Chebyshev expansion of a function. We
average over 7 runs of the algorithms and repeat these runs 1000 times to form
the mean and standard deviation which are given in the below table. We refer to
[27, algorithm 1] with “quadrature” and to[algorithm 2.T|with “DCT”. For each
algorithm, we interpolate a Gaussian with @ = 0.05, at[n|= 1000 points, for
various values of m]

m = 800 m = 1600 m = 2400 m = 3200

quadrature 286.2+2.6 1716.0£6.0 1048.7 +5.7 1660.2 £+ 6.2
DCT 99.8 +£33.8 126.8+1.1 169.5+18 208.8=+1.0

2.2 STOCHASTIC TRACE ESTIMATION

Matrix-free stochastic trace estimation is most useful when a matrix is not given
explicitly, but products of this matrix with vectors can be computed efficiently.
Examples of such scenarios are traces of matrix functions [42} 11] or of implicit
matrices which can only be queried through matrix-vector products [4}36]. Most
algorithms for stochastic trace estimation are based on the Girard-Hutchinson
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trace estimator, which we will discuss in the following paragraphs.

2.2.1 CONSTANT MATRICES

For a symmetric matrix B € R™™ and a standard Gaussian random vector
P € R", the quadratic form P "B is an unbiased estimate of the trace:

Z Z ll)ibijll)j] =

i=1 j=1

2.7) Elp "Byl =E

n n

Z by E[bi;] = Z bi; = Tr(B).
i=1

i=1 j=1

Furthermore, the variance of this estimate is bounded by the Frobenius norm of
the matrix B:

Var(yp ' Byp) = Var(p ' UAU ") (spectral decomposition of B)
= Var({p ' Aw) U =1~ 1)
= E[(J)T/\J))Z] — E[{I)T/\{I)]Z (definition of variance)

n 2
=E KZ IT)%N> ] — Tr(B)? (A diagonal and

i=1

= Z Ai Z ?\jE[1~b%$]?] — Tr(B)? (linearity of E)
i=1  j=1

=> MY A+2) M-Tr(B) (EWp} =1and ERp}] =3)
i=1  j=1 i=1

= Tr(B)* +2[|B|[} — Tr(B)? O M=Tr(B), ) N=|B[}
i=1 i=1

=2||BJI%.

The idea of the Girard-Hutchinson trace estimator is to compute multiple such
estimates for different, independent random vectors and take the average. This
will again be an unbiased estimate of the trace, but with the reduced variance

1 ¢ T _ 2 2
(2.8) Var (w j;wj Bwj) = o Bl

with the number of Hutchinson’s queries ny| € N. Collecting the inde-
pendent random vectors {; € R™ in the standard Gaussian random matrix|
@ = [Py,... ,1|)nq,] e R™"™ we can then rewrite the Girard-Hutchinson trace
estimator as

(2.9) H,,(B) = nl—w Tr(Y ' BY).
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2.2.2 PARAMETER-DEPENDENT MATRICES

In the case where the matrix, or — alternatively said — all its entries, continuously
depends on a parameter in a bounded interval, we can analogously define the
Girard-Hutchinson estimator for parameter-dependent matrices

1
(2.10) H,,(B(t)) = — Tr(¥Y'B(t)W).
Ny
As the counterpart of the variance in the parametrized case, we measure the
error of this estimate in the L'-norm, for which we can use a result from [17],
which we will state in the following lemma.

Lemma 2.2: L'-error of parameter-dependent Girard-Hutchinson estimator

Let B(t) € R™™ symmetric and continuous in t € [a,b], 5 € (0,e!), and
ny € N. Let H,,, (B(t)) be the ny-query Girard-Hutchinson estimator |(2.10)
With the constant cy = 24e, it holds with probability > 1 —

b
(2.11) J |Tr(B(t))—HW(B(t))|dt<cwb%&J IB(t) | ¢dt.

2.3 THE DELTA-GAUSS-CHEBYSHEV METHOD

Now we have all the ingredients for constructing a first algorithm to approximate
the expression[(1.6)} the Chebyshev expansion of a function and
the Girard-Hutchinson trace estimator[(2.10)} For a symmetric matrix A € R™*"
with eigenvalues contained in [—1, 1] we expand the [smoothing kernel g/ in
terms of Chebyshev polynomials, such that

(212) gi™ (th —A) = ) w(t)T(A).

Plugging this expansion into gives us the expanded spectral density

(2.13) bg™ (1) = Tr(gg™ (tIn — A)).

By combining the Chebyshev expansion [(2.13)| with stochastic trace esti-
mation we end up with the [Delta-Gauss-Chebyshev (DGC)| method [27, algo-
rithm 2], which approximates the smooth spectral density ¢|as

@14)  BI(H) = Ha, (g™ (T, :%Z T (YT T (A)Y).
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Apparently, it is rather cheap to evaluate oI (t) at multiple values of [t, since
only the coefficients of the linear combination of {Tr(‘l’TTl(A)‘l’)}{lo change,
which can easily be computed usingalgorithm 2.1}

An efficient implementation can be achieved thanks to the recurrence re-
lation which the Chebyshev polynomials satisfy. However, it is usually
prohibitively expensive to interpolate a big matrix A as a whole, since alone
the matrix-matrix multiplication in each step of the recurrence can cost up to
O(n?), and the evaluation of the expansion atvalues of [t could cost a further
O(n*mn,) operations. Therefore, in case we are only interested in the result
of a linear mapping applied to the interpolant, a significant speed-up can be
achieved by directly interpolating the result of this linear mapping applied to
the interpolant (line 6|in jalgorithm 2.3). In [figure 2.1{ some examples of such
linear mappings — which we will make use of later on — are schematically illus-
trated.

A y = | AY
yT A Y = [YTAY
Tr( LAl A v >= Tr(Y'TAY)

FIGURE 2.1 - Schematic illustration of linear mappings which, applied to a
large matrix A, reduce the dimensionality of the interpolation problem.

Finally, we can give the pseudocode of this first method inalgorithm 2.3}

Algorithm 2.3: Delta-Gauss-Chebyshev method

Input: Symmetric matrix A € R™*", evaluation points {t;};";

Parameters: Number of Hutchinson’s queries ny|, [degree of expansion m|
Tt

Output: Approximate evaluations of the spectral density {d™ (1) )




N
W

. THE DELTA-GAUSS-CHEBYSHEV METHOD 15

Compute {p (ti ), for all t; usingfalgorithm 2.1]
Generate standard Gaussian random matrix ¥ € R™>*"v
Initialize [Vl, Vz, V3] — [Onxmy,‘l’, OanW]
Set GI™ (t;) « 0 for all t;
forl=0,...,mdo
x + Tr(¥'V,) > Linear mapping of interpolant (figure 2.1)
fori=1,...,n. do
bo™ (1) + ™ (1) + mlt)x
Vs (2—5819)AV, —V; > Chebyshev recurrence
V1 = Vz, V2 < V3

R N I L S S N

—_
e

Denoting the cost of a matrix-vector product of A € R™*™ with c(n), e.g.
O(c(n)) = n? for dense and O(c(n)) = n for sparse matrices, we determine the
computational complexity of the method to be O(mlog(m)n + mnyc(n)),
with O(mn; + nny) required additional storage.

2.3.1 IMPLEMENTATION DETAILS

Expression is only well-defined for matrices whose spectra are fully con-
tained in [—1, 1]. To also use the method on matrices A whose spectra we
know, or can estimate [28],47], to be within a different interval [a, b] C R, we can
define aspectral transformation 1jas the linear mapping

(2.15)

T(t) = 2=,

{T: [a,b] — [—1,1],

The method can then be applied to A = t(A) whose spectrum is contained
in [—1,1].

However, retrieving the smooth spectral density ¢ ,|of the original matrix A
after this transformation is not straight-forward and is usually swept under the
rug in literature. Let us call ¢ the spectral density of A. Based on a derivation
from[appendix A] it turns out that in order to approximate ¢, of a general matrix
A for thesmoothing kernel g,/ we consider in this thesis (Gaussian, Lorentzian),
we only need to rescale their smoothing parameter o|to

20

2.16 6 = ,
(2.16) o=t

run |a1gorithm 2.3| on A with g5 on the transformed evaluation points {t(t;)}}";

and finally multiply the resulting approximation with 2. In all our examples,
this procedure will be used to compute spectral densities of matrices which have
eigenvalues outside of [-1, 1].
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A speed-up of [algorithm 2.3|can be achieved by smartly computing the trace
of the product E 'F of two matrices E, F € RN*M in O(MN) instead of O(M?N)
time, due to the relation

(2.17) Tr(E'F) = Z Z eijfij.

i=1 j=1

This reduces the complexity of [line 6in jalgorithm 2.3|from O(nn%,) to O(nny).
Throughout this work, as has already be done for the complexity analysis of
lalgorithm 2.3| we implicitly assume that all traces of this form are computed
using this technique.

2.3.2 THEORETICAL ANALYSIS

In order to obtain tractable results and because it is the most common case in
literature, we choose to restrict the analysis in this section to Gaussian

The convergence of the expansion of a Gaussian |g,|is exponential and de-
pends on [0} This can be seen quite well in and is proven in the

following lemma.

Lemma 2.4: L'-error of Chebyshev expansion for Gaussian smoothing

Let A € R™*™ be a symmetric matrix whose spectrum is contained in [—1, 1].

Then the expansion go™ of the Gaussian |smoothing kernel ga| and the corre-

sponding expansion ™ of the |smooth spectral density d)0| satisfy

@18) R
(2.19) 60— 64l < Y214 a) ™,
(2.20) [po — d5™ [l < i (14+0)™
for all[o] > 0.

This result is a consequence of Bernstein’s theorem [38, theorem 4.3]. A proof
of a similar result can be found in [27, theorem 2]. However, since our result
— and more so the proof — deviate from the aforementioned work, we chose to
reproduce it hereafter.

Proof. From Bernstein’s theorem [38, theorem 4.3] and the analyticity of g,/ we
know that forall t € R

(2.21) lgo(t—-) — gi™(t — )|l < sup |go(t —z)|

Xm(X - 1) z€E
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FIGURE 2.2 — The error of the Chebyshev expansion of increasing
for a Gaussian|[go|with different values of o}

where we can use any ellipse €, with foci {—1,1} and with sum of half-axes

X = a+b > 1 (seelfigure 2.3).

FIGURE 2.3 - A Bernstein ellipse £, with half axis lengths a and b visualized
in the complex plane C.
Writing z = x + wy for x,y € R, we estimate (using |e?| = e”(?))
1 (t=x)2—y2 1 2
(2.22) gt — (x+ W)= ——e 27 < ——ex.
nv2mo? nv2mo?

Expressing x = 1 + co for any ¢ > 0, we can estimate
(2.23) x —X ! < 2co.

This can be established by observing h(x) =2co—x+x ' =2(x—1)—x+x ' =
X +X ' —2 > 0because h(1) = 0 and h'(x) > 0 for all x > 1. Furthermore,
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because z is contained in &, we know that the absolute value of its imaginary
part y is upper bound by the length of the imaginary half axis b, which can be
expressed in terms of x to show with that

o1
(2.24) yl<b=2% 2X < co.
Consequently, forall t € R
1 c
(2.25) sup |gs(t —z)| < —672.
ze€y nv2mno?
Plugging this estimate into yields
2 1 2
2.26 ot—)—gm™(t — || < ez
(2.26) Igo(t—+) — g5 (t =)l AT colmconvane?
for every ¢ > 0. In particular, for c = 1 and with y/e/7t < 1 we have
m \/E —m
(2.27) |@At—)—gé%t—0Mﬁ§E§ﬂ+o) ,

which shows the first assertion with t = 0.

For the second assertion, we may use basic properties of matrix functions to
obtain

|bo(t) — L™ (1)]
= |Tr(go(tl, — A)) — Tr(gi™ (tl, — A))|  (definitions[[T.6) and [2.12))

n

— Z (golt—2Ay) — g™ (t— A)) (M, ..., Ay eigenvalues of A)
i=1
<n max |go(t —A)— g™ (t— ?\i){ (conservative upper bound)
<n H[Ia1x1] ‘gg(t —s)—gim(t— s)} (extension of domain)
sel—1,
=n|go(t—-) — g™t — )|l (definition of L*-norm)
< V2 1 -m i 2.27
\g( +U) (USIHg

from which the result follows directly.

Finally, Holder’s inequality [23] allows us to also show the last assertion with
what we have found above:

2V/2 .
(228) [ = &5™ 1 <2 b5 — bg™ o0 < -1+ )™
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We now have all the tools at hand to combine the approximation error of the

Chebyshev expansion (lemma 2.4) with the trace estimation error (lemma 2.2) to
get a tractable theoretical result for the accuracy of the DGC| method.

Theorem 2.5: L!-error of Delta-Gauss-Chebyshev method

Let 5™ (t) be the result from running |algorithm 2.3| on a symmetric matrix
A € R™™ with its spectrum contained in [—1, 1] using a Gaussian [smooth}
ing kernel g,|with smoothing parameter o] > 0, [degree of expansion m/ € N,
and [number of Hutchinson’s queries ny|€ N. For & € (0,e') it holds with
probability > 1 — 3, that

. V2
_ H(m) ~=
229)  lbo = o™l < Vit

14+o0)™™ (2 + Cw—log(1/6)> + Cwlog(l/é)

v/ MMy

for cy = 24e.

Proof. First, we apply the triangle inequality to get

(2.30) b — P < b — SU™ 1+ [[dI™ — G|y,

The first term can be dealt with using|lemma 2.4} [Lemma 2.2|can be applied to
the second term for

1
[pm™) — plm)), = J ‘Tr(ggm) (tI, —A)) —H,, (g\™(tI,, — A))‘ dt (definitions)
1

log(1/96) Jl (m)
< o 7 m _ ]
<cy Now 71||g(T (tI, — A)||edt (lemma 2.2))

We proceed with bounding the involved integrand by first applying the triangle
inequality, then exploiting properties of the Frobenius norm of a matrix function

and the positivity of[g.} and finally using the result from the proof of
and the definition of [P}

g™ (t1, — A)Jr
< Hggm) (tIn —A) — go(tly —A)[|r + ||go(tly — A)|[f  (triangle inequality)

< Vllgi™ — golleo + Tr(go (tIn — A)) (norm inequalities)
2
<« 2 140y golt) (lemma 29)
V/no?

Putting all things together and using the normalization [ 11 ¢s(t)dt =1 we end
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up with the desired result:

o = B < 2520+ 0+ 0y B <ﬁ2(1 ro) 1)

= \;—?(1 +o) ™ (2 + cw—log_sl/j)> + Cw—log(l/é).

We see that the first term in will quickly vanish as|m]increases.
What we are left with is the slowly decaying O(n‘jl/ %) term. In fact, this is
what bottlenecks the method from achieving better accuracies: The Girard-
Hutchinson stochastic trace estimator is not efficient enough for approximating

spectral densities. Therefore, we will consider alternative ways of approximating
(1.6)|in the next two chapters.



Chapter 3

Randomized low-rank factorization

We again start at but now directly analyze the structure of the matrix func-
tion

(3.1) go(tln — A).

Suppose A is symmetric and has a spectral decomposition
(3.2) A=UAU" =) Nuu/.

i=1
Applying the matrix function to this expression, we see that

(33) 9oty —A) =) golt —Auuy.
i=1

The [smoothing kernel g.|typically decays rapidly to zero when its argument
deviates from zero, particularly when [o]is small. This can, for example, be ob-
served when using Gaussian or Lorentzian smoothing (see[figure 5.5). Therefore,
all terms in the sum are suppressed except the ones for which [Ajis close to
Thus,

(3.4) go(tly —A)~ > golt—Ajuu/

i:]t—Ai|/ 0o small

usually exhibits an approximate low-rank structure for all t, unless of course o]
is chosen exceedingly big or all eigenvalues are clustered. The matrix function
can approximately be represented by a product of two or more matrices which
are significantly smaller.

The aim of this chapter is to find a good approximate factorization of in
terms of smaller matrices, which we can efficiently compute and for which we

can easily determine the trace

21
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3.1 THE NUMERICAL RANK OF A MATRIX

To quantify by how much a matrix could potentially be compressed when being
accurately represented as the product of smaller matrices, we introduce the rank
of a matrix [[18] section II1.3]. The rank of a matrix B € R™*™ is defined as

(3.5) rank(B) = dim(range(B)),

where dim is the dimension and range denotes the set of all elements which can
be attained by right-multiplying B with a vector from R™.

To account for the finite precision of floating point operations and for matrices
which are almost low-rank matrices, we use the notion of the [e-numerical rank

[2 definition 1.1].
Definition 3.1: Numerical rank of a matrix

The [e-numerical rank r. |of a matrix B € R™*™ in the norm ||-||. is the number

(3.6) Te.(B) = min{rank(C) : Ce R™*™: |B— CJ|. < ¢}
for a small tolerance € > 0.

A matrix is said to be numerically low-rank, if r..(B) < n. ¢ is usually taken
to be the double machine precision, i.e. 107,

For unitarily invariant norms ||-||. and symmetricpositive semi-definite (PSD)|
matrices B, we may use [31, theorem 5] to express in terms of its eigenvalues
01 > --- = 0, > 0. In particular, for the spectral norm ||-||, we have

(3.7) Tea(B) =min{l <r<n:opq < el

for the nuclear norm ||-||.

(3.8) Te«(B)=min{l <r<n: Z o; < g},

j=r+1

and for the Frobenius norm ||-||¢

(3.9) Ter(B) =min{l <r < n:

3.2 LOW-RANK FACTORIZATION

We will now give an introduction to low-rank factorizations of constant matrices.
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3.2.1 CONSTANT MATRICES

From it is clear that the rank of a symmetric matrix is also equal to

the number of its eigenvalues which are non-zero. Hence, for a symmetric

matrix B € R™*™ of rank r < n, we can immediately obtain a factorization of

the matrix in terms of smaller matrices by looking at its spectral decomposition
B=vev = [v, Vi[5 O [Vi] —visvy

(3.10) = = [V, 2}00\/;_111

with Z; € R™" containing all the non-zero eigenvalues o, ..., 0, of Band V; €

R™*T the corresponding eigenvectors. What’s more, we see that

(3.11) V,V/B =B,
i.e. the columns of the matrix V; fully capture the range of B.

However, computing the spectral decomposition is often prohibitively expen-
sive and usually not necessary for obtaining good approximate factorizations
of a matrix. There exist multiple factorization methods for low-rank matrices,
many of which are based on sketching. Sketching is a widely used technique
for approximating the column space of a matrix [15| 46, 27, 41} 40]. Multiply-
ing a low-rank matrix B € R™*™ with a standard Gaussian [sketching matrix|
€ R™me with ng < n, will result in a significantly smaller matrix BQ —
the sketch — whose columns roughly span the same range as the columns of B.
Closely following [40] section 2.1], we illustrate the reason why this approach
works hereafter.

Suppose B € R™*™ is symmetric and admits a spectral decomposition
(3.12) B=VIV' =} o/
i-1

If we left-multiply B with a standard Gaussian random vector w € R™, we
obtain

n

(313) Bw = i Givi(viTw) = Z(Gizi)vi,

i=1 i=1

where z; = viT w € R again follows a standard Gaussian distribution, since
the v; have unit norm [23]. The component of Bw in the direction of the j-th
eigenvector v; of B is

(314) V]TB(U = Z(Gizi)(v;vi) = 0j%;.
i=1
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The larger the eigenvalue oj of an eigenvector vj is, the more prominent the com-
ponent of Bw in that direction usually is. That is, Bw is roughly aligned with
the eigenvectors corresponding to the largest eigenvalues: the dominant eigen-
vectors. When repeating this procedure for multiple w by right-multiplying B
with a standard Gaussian |QQ| € R™*™¢ it can be shown that BQ approximates
the range of B well, and consequently

(3.15) B = (BQ)(BQ)'B
is a good approximation of B [[15].
Based on the sketch B, we can also compute low-rank approximations of
the form
(3.16) B = (BQ)K(BQ)T,

for some matrix K € R™e*mna [27, section 3.1]. Ideally, we would want B to be
as close to B as possible. Therefore, by multiplying|(3.16)| from the left with Q7

and from the right with Q, and by imposing B = B we get
(3.17) QO'BOQ=(Q'BQ)K(Q'BQ)".

By the properties of the pseudoinverse of a matrix we see that K = (Q'BQ)!
satisfies this relation. This approximation is often referred to as the Nystrom
approximation [14]

(3.18) B=(BQ)(Q'BQ)(BQ)".

It is shown in [40} lemma 5.2] that for matrices the Nystrom approximation
is at least as accurate as the approximation in when measured in the spec-
tral and Frobenius norms. The following theorem gives an upper bound on the
error of the Nystrom approximation in the Frobenius norm [34), lemma 3.2].

Theorem 3.2: Frobenius norm error of Nystrom approximation

LetB € R"™*" bea symmetricmatrix. Its Nystrom approximation B|(3.18)
with standard Gaussian e R™*"e of even [sketch size ng| > 10 satisfies with

probability > 1 — 6e "o/?

EN /2
(3.19) ||B — BHF < 542/ — Tr(B).
no

3.2.2 PARAMETER-DEPENDENT MATRICES

The Nystrom low-rank factorizations can be extended in a straightforward way
to the case where the symmetric matrix B(t) € R™*™ depends continuously
on a parameter t € [a, b]:

(3.20) B(t) = (B(H)Q)(Q BH)Q) (BH)Q)T.
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What's special in this formulation is that we reuse the same [sketching matrix Q|
€ R™*™e for all t. This will introduce remarkable gains in terms of computa-
tional complexity of the approximation.

In [17], a corresponding result to for the parameter-dependent
case is shown:

Lemma 3.3: L'-error of parameter-dependent Nystrom approximation

Let B(t) € R™*™ be symmetric - PSD| and continuous in t € [a,b]. Then the
parameter—dependent Nystrom approximation B(t) w1th standard Gaus-
s1an € R™ ™o evenng > 8log(1/8), and constant co = 0, satisfies with
probability > 1 — 5

b
J Te(B(t))dt.

a

b
= 1
3.21 B(t) — B(t)||fdt <
@21 |, 1B =Bt < co—s
For the trace of the parameter-dependent Nystrom approximation, a much
stronger convergence result can be shown for matrix functions of the form f(A, t)
which continuously depend on t and whose eigenvalues decay quickly. An

expression for the trace estimation error in the L'-norm is shown in a theorem
from [17].

Theorem 3.4: L!-trace-error of parameter-dependent Nystrom approximation

Let f(A,t) be a non-negative function of A € R™*™ which also continuously
depends on t € [a, b]. Denote with o4(t) > --- > o, (t) > 0 the eigenvalues of
f(A,t) at t. Let the standard Gaussian [sketching matrix Q€ R™*™2 used in
[3.18) have ng = r + p columns for some numbers r > 2,p > 4. Then for all
Y = 1, the Nystrom approximation f (A t) satisfies

(3.22) Jb|Tr(f(A,t))—Tr( A, 1)ldt < y2(1 + 1) J Z o (t

a i=r+1

with probability > 1 —y~P.

Note that the [smooth spectral density ¢.||(1.6) is exactly a trace of such a
matrix function, which means that we can directly apply this theorem to it.

3.3 THE NYSTROM-CHEBYSHEV METHOD

Motivated by the observations from the beginning of this chapter, we now
present an algorithm for estimating the [smooth spectral density ¢, Since all
we consider are non-negative, the matrix function is symmetric There-




26 CHAPTER 3. RANDOMIZED LOW-RANK FACTORIZATION

fore, we opt for the Nystrom approximation [(3.20)|as our randomized low-rank
factorization engine. Before we go into the details of the method, we need to
quantify the [e-numerical rank 7, |of this matrix function, in order to get an a
priori guarantee for the convergence of the method.

When using a Gaussian[g,} we can explicitly write the eigenvalues of g (tI,—
A) as
1 (A2

(3.23) 0i(t) = golt —A() = ——e 2
nyv2mo?

where A1),...,An) denote the eigenvalues of A sorted by increasing distance
from|t) such that oy(t) > --- > o, (t). Consequently, by using the closed-form
expression of the eigenvalues and inserting it into|(3.7)}[(3.8), and [(3.9), we
may upper bound the numerical rank of for Gaussian|g,|as

(3.24) re(go(thy — A)) < #1 <i<n:ft—Ad < Ce (o))
with the eigenvalues A4, ..., A, of A and the constants

(3.25) Cen(o) = 0\/ —2 log(\/g'mce) (spectral norm)
(3.26) Cex(0) = 0\/ —2 log(\/ﬁce) (nuclear norm)
(3.27) Cerl(o) = O‘\/ -2 log(\/fws) (Frobenius norm)

For the spectral norm, even holds as an equality. A derivation of expres-
sion and the corresponding constants can be found infappendix B|

The expression has a very visual interpretation: The [e-numerical rank]
of a matrix is at most equal to the number of eigenvalues which are closer to

[t|than C.,.(0). This is also illustrated in

t_C€,~(G) t t+C£,-(G)

FIGURE 3.1 - The numerical rank of g(tI, — A) can be approximately com-
puted by counting the number of eigenvalues A(y), ..., A, of the matrix A which
lie less than a constant C,.(0) away from

If we additionally assume the eigenvalues of the matrix A to be evenly dis-
tributed within [a, b], that is, in any subinterval of fixed length in [a, b] we can
expect to find roughly the same number of eigenvalues (see [figure 3.2), then we
can estimate the numerical rank of g,(tIl,, — A) for Gaussian to be

(3.28) re (9ot~ A)) § T C.. (o)
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t t
— 00— —0 00— 00— — o —0— 00— 00— 00— 00— 00— 00—
1 T
low rank  high rank same rank everywhere
(A) Unevenly distributed spectrum (B) Evenly distributed spectrum

FIGURE 3.2 — Examples of an unevenly and an evenly distributed spectrum
with some comments about the expected numerical rank of g (tI, —A) at certain
values of [t} The dots represent eigenvalues.

In we numerically check the decay of the eigenvalues for one
of our example matrices which we use in the numerical experiments
5.1I). Clearly, the estimated numerical rank of the matrix is not accurate for some
values of[t)in this case, since the spectrum is not evenly distributed. Nevertheless,
it provides us with a good first guess which can be used to decide on what values
formg|to choose in order to ensure a high accuracy.

10_1 A -

10 4 T e
— ; -10-0.5 0.0 0.5 1.0
< 10—7 t
A
\;b\ 10—10 |

10713

1016 .

75 100 125

FIGURE 3.3 - Singular value decay of a Gaussian smoothing kernel g,| withEl
= 0.05 applied to the matrix introduced for ¢ = 1. For reference, the
effective spectral density is plotted above the color bar which assigns a color to
the values of |t}

The backbone of what is also known as the [spectrum sweeping (SS) method
[27] is the Nystrom approximation of the Chebyshev expansion hence
why we refer to it as the Nystrom-Chebyshev (NC)method. For some standard
Gaussian[Q] € R™ "2, the approximation reads
(3.29)

GV (A, — A) = (giM (AT, — A)Q)(QT gl (T, — A)Q) (g{™ (tT, — A)Q) T
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Since we are only interested in the trace of this approximation, we may use the
cyclic property of the trace to obtain

(330) LM (H) =Tr ((Q"gi™ (tI, — A)Q)H QT (g\™M (tT, — A))’Q)).

=K (t) =Ky (t)

The interpolation framework introduced in allows us to interpo-
late the matrices K;(t) € R"e*"e and K;(t) € R"e*"e, which appear inside
the trace, efficiently. However, when interpolating the squared |g,|in a separate
expansion

2m
(331) (go(tTn =A™ = 3 vi(YT(A),
1=0

as is suggested in [27], it is no longer guaranteed that the expansion of the
squared matrix function (g, (tI, —A)?)™ is equal to the square of the expanded
matrix function ggm) (tI, — A). We have observed that the loss of this square
relationship decreases the numerical accuracy noticeably, which is shown in

100 —e— interpolation
squaring
s
= 10—2 -
0
=
ke
0 1074 -
-
10—6 -
~—
10°
m

FIGURE 3.4 - Difference in the accuracy when computing using a sep-
arate expansion (interpolation) versus explicitly squaring the matrix function
(squaring). With the which we will introduce on the next few pages, the
spectral density of a 2D model problem from is computed for a Gaus-
sian[gq] with[o]= 0.05 and fixed no|= 80. An estimate of the relative error in the
L!-norm is computed based on = 100 evaluation of the spectral density.
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In order to circumvent the above mentioned issue, we propose an alternative
way of computing an expansion for (g,)? which is consistent, more accurate (see
and significantly faster (see [table 3.1): The relation of the Chebyshev
expansion to the shown in can be exploited to design fast and exact
multiplication algorithms between polynomials of the form [3, proposi-
tion 3.1]. In particular, raising a Chebyshev expansion to an integer power can
be achieved very efficiently by chaining a with an invers Suppose
we know the coefficients p € R™*! of a Chebyshev expansion Then we
may quickly compute the coefficients v € R*™*! of the same expansion raised to
the power k > 2 by first extending p with zeros to g € R*™*! and subsequently
computing

(3.32) v =DCT! {DCT{a}k}

where the exponentiation of a vector is understood element-wise. The corre-
sponding algorithm is presented hereafter.

Algorithm 3.5: Fast and exact exponentiation of Chebyshev expansions

Input: Coefficients {p |, of the expansion Y ", i Ty(s)
Parameter: Exponent k > 2
Output: Coefficients {v{}} such that ZE}) viTi(s) = (X Lo mTa(s))*

1: Define the vector u as

- w forl=0,...,m
3.33 =
( ) (W {O forl=m+1,..., km

Compute f = DCT ()

Let (f*), = (f)*for1 =0,...,km
Compute v = DCT*(f¥)

Letvy = (v)i for1=0,...,km

The complexity of this procedure is O(kmlog(km)) [29].

The algorithm gives us the consistent expansion

2m
(3.34) (gi™ (tln —A)? = Y vi(H)Ti(A).
1=0

This way of expanding the squared matrix function is exactly equivalent to the
lspectrum sweeping (SS)|algorithm [27, algorithm 5], but usually orders of magni-
tude faster because the matrices involved in the generalized eigenvalue problem
on line 13 of this algorithm do not have to be assembled from the product of two
large matrices for every
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TABLE 3.1 — Comparison of the runtime in milliseconds of three approaches
with which the coefficients of the Chebyshev expansion of a function can be
computed. We average over 7 runs of the algorithms and repeat these runs
100 times to form the mean and standard deviation which are given in the below
table. We refer to the interpolation of (g)* with [27, algorithm 1] as “quadrature”,
to the interpolation of 2 with jalgorithm 2.1) as “DCT”, and finally to the
consistent squaring algorithm [algorithm 3.5as “squaring”. For each algorithm,

we interpolate a Gaussian [g] with [o] = 0.05, atn| = 1000 points, for various
values of@

m=800 m=1600 m=2400 m =3200

quadrature 163.4+0.9 156.7+09 4988 +3.5 686.4+3.1
DCT 259+329 20.7+£0.2 301406 37.840.5
squaring 9.6 +£0.1 15.04+01 2264+0.1 28.74+0.2

Putting all things together, we get the [Nystrom-Chebyshev (NC)| method,
whose pseudocode can be found in [algorithm 3.6

Algorithm 3.6: Nystrom-Chebyshev method

Input: Symmetric matrix A € R™*™, evaluation points {t;};,
Parameters: Sketch size no) [degree of expansion m|
Output: Approximate evaluations of the spectral density {d5™ () S
Compute {p(ti)j, for all t; usingalgorithm 2.1
Compute {v(t;)}?™, for all t; using|algorithm 3.5
Generate standard Gaussian jsketching matrix Qe R™*"o
Initialize [V1, V3, V3] <= [0nsng, 2, 0nxn,]
Initialize [Ki(ti), Ko(ti)] <= [0n xng, Ong xno) for all t;
Set ™ (t;) < 0 for all t;
forl=0,...,2mdo
X+ Q'V,
fori=1,...,n.do
if | < m then
Ki(ti) < Kiti) + m(t)X
Ka(ti) < Kp(ti) +vi(ti)X
Vi3« (2—08,9)AV, —V; > Chebyshev recurrence|(2.3)
V1 < Vz, V2 < V3
cfori=1,...,n.do
Compute o™ (t;)  Tr (K (t:)TKa(ty))

—_ =
— O

e =

[
o 1

Again denoting the cost of a matrix-vector product of A € R™*™ with c(n),
e.g. O(c(n)) = n? for dense and O(c(n)) = n for sparse matrices, we find the
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computational complexity of the method to be O(mlog(m)n, + mn%n +
mnn4 + me(n)ng + nend,) ), with O(mn, + nng + n4n,) required additional
storage.

3.3.1 IMPLEMENTATION DETAILS

In this section, we propose a sequence of algorithmic improvements to[algorithm]
which make the said algorithm more robust and accurate.

Non-zero checking Inalgorithm 3.6, we have that

(3.35) Ki(t) = Q'gy™ (11, — A)Q.

Hence, if ggm) (t;I.—A) is close to the zero matrix, which we have seen in
to happen when t; is far away from any of the eigenvalues of A, K;(t;) will
also be close to the zero matrix. In this case, it may not be a good idea to compute
the pseudoinverse of K;(t;) in[line 16/of [algorithm 3.6, Even less, since in that
case we already know that

(3.36) e (t) = Tr(gi™ (t;1, —A)) ~ Tr(0) = 0.

o o

Motivated by this observation we use a “non-zero” check which computes the

nofquery Girard-Hutchinson estimate
1

(3.37) Hop (g0 (41, — A)) = oo (K ()

of Tr(ggm)(tiln — A)) before executing |line 16| in algorithm 3.6L If the result
is smaller than a fixed jnon-zero check threshold «| > 0, it immediately sets
2135;“) (ti) = 0 and skips |line 16| for this t;. In order to not accidentally remove
parts of the spectrum with eigenvalues, | should not exceed 1/(nv2no?). We

usually use[]= 107°. Since K;(t;) needs to be computed in any case infalgorithm
this check can be incorporated with minimal additional computational cost.

The effect this non-zero check mechanism has on the approximation quality can

be seen in|figure 3.5

Pseudoinverse via eigenvalue problem There exists an alternative way of
computing the result of line 16|in jalgorithm 3.6, namely traces of the form

(3.38) Tr(Q"'BQ)H (QTB?Q)).

Rather than explicitly forming the pseudoinverse, it converts the problem
of computing such a trace into solving a generalized eigenvalue problem by
making use of the following theorem [27, theorem 3].
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6 ‘
| ;‘ —— no non-zero check
‘h | non-zero check
4 .
b
=
2 7 1

-1.00 -0.75 -050 —-0.25 000 025 050 075 1.00
t

FIGURE 3.5 - The difference the non-zero check can make when approximating

a spectral density using Here, we used the matrix described in
and ran the[NCmethod with and withoutnon-zero check threshold «

=107, @ = 2000, = 80,and a Gaussianwith@ =0.05.
Theorem 3.7: Generalized eigenvalue problem to compute pseudoinverse

Let B € R™*™ be symmetric with rank r < n and spectral decomposition
(3.10)

(3:39) B=[Vi V)] [Zl 0} [VT

8| [] -vie

where X; € R™" and V; € R™*" with VlTV1 = I,. For Q € R™™™2 ngy >,
such that Q "V has linearly independent columns, the solution of the gener-
alized eigenvalue problem

(3.40) (Q"B*’Q)C = (Q"BQ)C=

with C € R™*" and = € R"™" a non-zero diagonal matrix is C = (VlTQ.)T@
and = = © ' £, 0O for a permutation matrix ® € R"*".
Furthermore,

(3.41) Tr((Q'BQ) (QTB*Q)) = Tr(Z).

A proof of this theorem can be found in [27, theorem 3]. We choose to still
include our own version which goes slightly more into detail.

Proof. Since Q' V; has linearly independent columns, its pseudoinverse is its left
inverse, meaning (Q'V)1(QV;) = (V] Q)(V] Q) =1,. Weuse B = V V|
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and insert C = (V; Q)1®" and == ©Z,0" into the left-hand side of (3.40)|to

get
(3.42) Qv (ViQ)(V]Q) e =(Q"Vy)L]e,

=1,

and on the right-hand side of for

(3.43) Qv (VIQ)(V/Q)Tee'z,e = (Q'V))Ie.
=I, =I:

Now that Q' V; has linearly independent columns, Z; is a non-zero diagonal
matrix, and © is a permutation, we conclude that the given C and Z indeed
solve the generalized eigenvalue problem. By the uniqueness of generalized
eigenvalues and eigenvectors (up to permutation and scaling), these are indeed
the only solutions.

can be shown by inserting the truncated spectral decomposition
and using the properties of the pseudoinverse
Tr((Q'BQ) (Q'B*’Q))
=Tr((V; Q)2 H(QTV)TI(QTV)ZI(V]Q)) (spectral decomposition of B)
=Tr(Z, H(QTV)I(QTV)ZHV] Q) (V] Q) (cyclic property of trace)
=Tr(Z; ' (QTV)(QTV) I3 (V] Qv Q) (QTv, independent columns)

N NV
=I, =I,

= Tr(Z,) (&5 =1)
=Tr(2) (X1 = Z up to permutation)

M

]

A standard way of computing the generalized eigenvalue problem |(3.40)
starts with taking a spectral decomposition of the right-hand side

rhool[w/
(3.44) Q' BO=WIW' = [W; W,] [01 rz] [wﬂ

where I'; only contains those eigenvalues v, ..., Yn, Which satisfy yi > (maxj_1,_n, V;
for some [threshold factor /> 0 and W, the corresponding eigenvectors. In our

experiments, we choose |(| = 10~7. It allows us to approximate |(3.40)| with the
more stable standard eigenvalue problem

(3.45) 2wl (Q B2Q)W T, /2X = XZ,

which projects Q ' B*Q onto the space spanned by the dominant eigenvectors of
Q'BQ.
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Filter tolerance Since by the diagonal of Z(t) should merely be
a permutation of the eigenvalues of g,(tI,, — A), we expect its elements to be
within the range of Hence, for Gaussian |[g,| we may remove all elements
in Z(t) which are outside of [0,1/(nv2mo?)], with |size of the matrix nl of A
and [smoothing parameter o] of as suggested in [27]. In this way, we can
tilter out computational artefacts which for example might result from an in-
accurate Chebyshev expansion and furthermore can enforce non-negativity of
the resulting approximation of However, one needs to be careful not to
accidentally remove a valid element from Z(t). In the case where [t| coincides
with an eigenvalue of A, one of the elements in Z(t) should correctly assume
the value 1/(nv2mo?). Hence, if due to certain numerical inaccuracies this value
slightly exceeds the above threshold, it will mistakenly get removed. This prob-
lematic case can be avoided by introducing a [filter tolerance n| > 0, such that
only elements in =(t) which exceed (1 +1)/(nv2m0?) are filtered out. We usu-
ally choose[|= 10~2. To ensure non-negativity, the filter tolerance is only applied
from above. shows the improvement this filter tolerance gives over
the standard approach. Close to the edges of the spectrum, there are particularly
many inappropriate filterings happening, which are visible as downward-spikes
of the spectral density.

6 7 —— no filter tolerance
filter tolerance
4_
2 7
2 4 |
Tl (i
04t b ! 1 | L U

-1.00 -0.75 -050 —-0.25 000 025 050 075 1.00
t

FIGURE 3.6 - The difference the filter tolerance can make when approximating
a spectral density using Here, we used the matrix described in
and ran the [NC| method with and without filter tolerance. We use
|ﬁlter tolerance nl =103, E,I = 2000, =80,and a Gaussianwith@ = 0.05.

We can summarize this alternative way of treating |line 16| of jalgorithm 3.6/in
the following algorithm.




3.3. THE NYSTROM-CHEBYSHEV METHOD 35

Algorithm 3.8: Trace through generalized eigenvalue problem

Input: Matrices K;, K, € R"e*ne
Parameters: threshold factor () [filter tolerance n|
Output: Tr(KI K>)
1: Compute spectral decomposition K; = WI'wW'
2: Let I'; only contain the eigenvalues v;,...,yn, Which are larger than

.....

3: Solve eigenvalue problem Fl_l/ ZWIKZWHT V2X = X=
4: Set all values in = which are outside of [0, (1 +1)/(nv2mo?)] to zero
5: Compute Tr(Z)

In the end, this procedure slightly improves the accuracy and only for small
i.e. when the Chebyshev expansion has not converged yet. This is shown

with an example infigure 3.

10° 5
o 10—1 4
E
(U
=
E 1073 4
g
— 104
{ —— pseudo-inverse
107° 5 eigenproblem
10°
m

FIGURE 3.7 — The difference between directly computing the pseudoinverse
in[line 16| of [algorithm 2.3| versus solving the eigenvalue problem Here,
we used the matrix described in[section 5.1|and ran the[NC]method for fixed
= 80, and a Gaussian g o] with[o]= 0.05.

Combination of all improvements In the end, we want to see the combined
effect the above proposed algorithmic improvements have. To do so, we observe
the accuracy in terms of the L'-error of the approximated spectral density for
changing[m] Once for the raw and once for[algorithm 3.6 with non-
zero check, computation of the pseudoinverse through an eigenvalue problem,
and added filter tolerance.
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FIGURE 3.8 — The effect the algorithmic improvements have on the accuracy
when computing the spectral density. Here, we used the matrix described in

[section 5.T]and ran the[NC|method for a Gaussian[g.|with [o]= 0.05 and fixed
= 80. We use threshold factor = 107, non-zero check threshold /= 10"°, and

|filter tolerance nl =103

3.3.2 THEORETICAL ANALYSIS

Despite being a non-negative function, its Chebyshev expansion go™ is not
guaranteed to retain this property. Therefore, it can happen that the conditions
from are not verified any more. However, due to we
know that for large @ go™ will be very close to|gs| So if we instead interpolate
the shifted kernel

(3.46) 9,(s) =9gals) +p,

we may guarantee that for a large enough m shift p| > 0, its Chebyshev expansion
g( will be non-negative. Furthermore, given the shifted smooth spectral den-
sity ¢  of a matrix A € R™*™, we may retrieve the[smooth spectral density ¢

using the linearity of the tracel[f}

(3.47) do(t) = Tr(gcr(tln —A)) = Tr(gc(tln —A)—ply) = Qg(t) —pn.

For the shifted smooth spectral density ¢ we can prove the following result.

For the[NC|method, this correction will have to be adjusted to cT)G(t) = Qc(t) — pno since in
the algorithm we compute the trace of an[ng| x o matrix.
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Theorem 3.9: L!-error of Nystrém-Chebyshev method with shift

Let c|>  be the result from running algorithm 3.6/ on a symmetric matrix
A € R with its spectrum contained in [—1,1] using a shifted Gaussian

smoothlng kernel g_ = go + p withsmoothing parameter o > 0, (degree o
lexpansion m| € N, and-— T + p for some numbers r > 2, p > 4. If|_
> %(1 +o0) ™and r > 1. .(gs(tl, —A)) forall t € [-1,1], then forally >
the inequality

~(m) 22 m
648 o, — &, lh < 421 +1)(e+20(n—1)) + o (1 +0)

holds with probability > 1 —y~P.

Proof. We assume the conditions of the theorem are satisfied. Then by the trian-
gle inequality

(3.49) 19—l <llo. — ™ + 1o — ™.

Since the approximation error of the Chebyshev expansion remains invariant
under constant shifts, we deduce with that the first term in[(3.49)|is
bounded by

m m 2v/2 .
(3.50) I, —&™ ] = [[bo—dI™M 1 < —5 (1+0)
The second term can be bounded with theorem 3.4k
1 n
(3.51) 1™ — oty <20 +r)J Y o™t
i1

where o!™(t) > --- > o™ (t) > 0 are the eigenvalues of g!™(tl,, — A). From

the explicit expression for these eigenvalues and the condition on [|based
on the approximation error in[lemma 2.4 we can deduce that for all {]

(

(3.52) a™(t) =™ (t) +p < oilt) +20
where O'Em) (t) stand for the eigenvalues of go™ (t, — A). Consequently
1 n
I, — d™ [ <¥*(1+7) J > (o:(t) +2p)dt (3:52) into [(3.51))
1

T hi=r+1

1 n
<VH1+7) (J 1 Z oi(t)dt +4p(n— r)) (linearity)

T hi=r+1

<2v*(1+471) (2e +4p(n—1)) (choice of > 1. )
The result follows by inserting the two derived bounds into O
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For matrices A € R™*™ whose spectra are approximately evenly distributed,

we know from that
(3.53) Te(go(tln —A)) S nc\/—Z log(v2mnoe),
which gives a tractable expression for the choice of r in
As E‘L] gets smaller and smaller, the Chebyshev expansion gets more and more

accurate, and the can be chosen smaller and smaller. However, the non-
linearity of most low-rank factorizations make this estimator non-linear, and

disallow extending this error guarantee to ||¢p, — oM.

From it is clear that adding the shift harms the convergence of the
approximation. Therefore, this shifting operation is only useful to guarantee the-
oretical results, but in practice it seems like the non-negativity of the
does not have a crucial impact on the performance of the Nystrom
approximation of the matrix function g, (tl,, — A).
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FIGURE 3.9 — For[m|= 2400, we observe the influence of a of the kernel
on the convergence with respect to Here, we used the matrix described in
section 5.1 and ran the NC| method (including the algorithmic improvements
from [section 3.3.7)) for a Gaussian [g¢] with [o] = 0.05 and fixed = 80. Once
in the usual way and once with |§I = 10~7, which is more than sufficient for the

shifted kernel g _ to be non-negative.

3.3.3 EXTENSION TO OTHER LOW-RANK APPROXIMA -
TIONS

Notice that many other low-rank factorization methods [15, 40] also fit into the
fast interpolation scheme used to approximate In fact, we have found that
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if we generalize
(3.54) Tr*(B) = Tr (Q"B*Q) (Q"B*'Q)),

for k € N, the underlying low-rank approximation for k = 1 is the Nystrom
approximation which we have discussed in For k = 2, it corresponds
to the approximation To see this, we rewrite it as

(3.55) B = (BQ)((BQ)"(BQ))(BQ)'B,

using the definition of the pseudoinverse. For k = 3 we would obtain a scheme
which theoretically coincides with the Nystrom approximation with subspace
iteration [40]

(3.56) B = (B’Q)(Q"B*Q)"(B*Q)7,

and so on.

Generalizing jalgorithm 3.6|is straight-forward and due to the efficient expo-
nentiation of Chebyshev polynomials using [algorithm 3.5, remains of the same
computational and storage complexity, provided we consider k as a small con-
stant.

In practice, however, this extension may not immediately be useful: [40,
lemma 5.2] shows that for PSD| matrices, approximations corresponding to the
case k = 2 can be expected not to be as accurate as approximations in the case
k = 1, and while for k = 3 the additional subspace iteration for the Nystrom
approximation should theoretically produce a better sketch, it suffers from other
shortcomings, such as a worse conditioning of the generalized eigenvalue prob-
lem (algorithm 3.8). A comparison of the accuracy of the extended methods for

k =1,2,3 can be found in
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FIGURE 3.10 - Difference in the accuracy when running the method devel-
oped in this chapter for different types of low-rank factorizations. A 2D model

problem from is used for a Gaussian[g o] with [o]= 0.05 and we fix
= 80.



Chapter 4

Variance-reduced trace estimation

In[section 2.2 we have introduced the classical approach for estimating the trace
of a matrix using matrix-vector products. A drawback of this method is the
rather slow, reciprocal decrease of the variance with number of Hutchinson’s|
Variance-reduced trace estimators try to improve on this. They usu-
ally take a “hybrid” approach, combining low-rank factorization with stochastic
trace estimation.

This chapter will take the methods we have discussed in|chapter 2|and |chap{
ter 3| and combine them to an improved trace estimator which we call the
Nystrom-Chebyshev++ (NC++)method.

4.1 FUNDAMENTALS OF VARIANCE-REDUCED
TRACE ESTIMATION

The initial idea from [27] was to perform a low-rank factorization before the
stochastic trace estimation to achieve a steeper decrease of the estimation error
as the number of computed matrix-vector products increase. Recent theoretical
developments confirm the efficacy of this approach [30, 34]. We will first briefly
discuss these results which are valid for constant matrices.

4.1.1 CONSTANT MATRICES

Due to the linearity of the trace, we can decompose the trace of any symmetric
matrix B € R™*™ into two parts using another matrix B € R™*™

(4.1) Tr(B) = Tr(B) + Tr(B — B).

If we manage to find a matrix B, such that the trace of B can be computed
efficiently and ||B — B||¢ is small, then we can compute the first term in|(4.1){ex-
actly and the second term can be approximated well using the fnyfquery Girard-

41
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Hutchinson trace estimator H,,,, due to its small Frobenius norm That
is,

(4.2) Tr™ " (B) = Tr(B) 4+ Hy, (A),

with the residual A = B — B, will be an excellent approximation of Tr(B).

Inwe have introduced some ways in which a matrix B satisfying
the above mentioned criteria can be constructed. For instance, for a symmetric
[PSD|matrix B € R™*™ of rank r < n, we can compute a factorization of the form
B = V1£1V1T Since V; is orthonormal, Tr(B) = Tr(X,) by the cyclic prop-
erty of the trace, which is easy to compute. On the other hand, A = B — B=0
which implies that the Girard-Hutchinson estimator will trivially be exact. Thus,
[(4.2)]would yield an exact estimate. However, this factorization is — in general —
prohibitively expensive to compute.

This is where randomized low-rank factorizations come into play. One such
example is a factorization of the form[(3.15)| which is employed in the Hutch++
algorithm [30) algorithm 1]. For matrices this algorithm was shown to give
an estimate whose relative deviation from the actual trace is at most ¢ by only
using O(e~!) matrix-vector multiplications, with high probability. The key to
this conclusion is the following theorem [30| theorem 1].

Theorem 4.1: Variance-reduced trace estimation

Suppose B € R™*™ is symmetric Let B and A be any matrices such that

0g {Tr(B) = Tr(B) + Tr(A),

1A][F < 2[B = B [lF-

where B, , is the best rank-n approximation to B. For fixed constants c;, ¢, >
0, if my|> cqlog(1/6), then with probability > 1 — 9,

4.4) |Tr(B) —Tr" " (B)] < 2c, %Tﬂ]ﬂ.
Yo

In particular, if ng = ny = O (1/log(1/5)/¢ + log(1/8)), Tr" " (B)isa (1 £ ¢)
error approximation to Tr(B).

In [30] this theorem is applied to a low-rank factorization of the form
to prove the O(e !)-dependence requirement on the number of matrix-vector
multiplications to achieve the relative approximation error ¢, which lead to the
ubiquitous Hutch++ algorithm. [27] uses and [34] refines an analogous proce-
dure for the case of the Nystrom approximation [(3.18)] In [34, theorem 3.4] it is
shown that similarly to the Hutch++ algorithm, the following result holds:
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Theorem 4.2: Error of the Nystrom++ trace estimator

If the trace estimator [(4.2)|based on the Nystrém approximation [(3.18)]is com-
puted with[no|=fny|= 0(,/log(1/5)/e + log(1/6)) and & € (0,1/2), then

(4.5) | Tr(B) —Tr" " (B)| < & Tr(B))]

holds with probability > 1 — 6.

4.1.2 PARAMETER-DEPENDENT MATRICES
Similarly to the techniques introduced in and also the

variance-reduced trace estimation can be extended to the case where the trace of
a matrix B(t) € R™*™ which depends continuously on a parameter t needs to be
computed.

With a matrix ﬁ(t), the residual A(t) = B(t) — ﬁ(t), and the parameter-
dependent [ny}lquery Girard-Hutchinson estimator Hy, we define the
estimator

(4.6) Tr " (B(t) = Tr(B(t)) + Hn, (A(t)).

Here, the dependence of B (t), and therefore also A(t), on a certain number
€ N, usually the sketch size ng|of the sketching matrix €} is implicitly assumed.
Using the result from we can — under certain conditions — derive an

analogous result to for any trace estimate of the form in the

parameter-dependent case.

Theorem 4.3: Variance-reduced parameter-dependent trace estimation

Suppose B(t) € R™*™ is symmetric and continuous in t € [a, b]. Let B(t)
and A(t) be any symmetric and continuous matrices such that

o {Tr(B(t)) = Tr(B(t)) + Tr(A(t));

(
[2IA®)Irdt < ca—s [ Tr(B(t))dt.

for some constant co > 0. Then, for a fixed constant ¢ > 0 and § € (0,e™ 1),
with probability > 1 — 9,

(4.8) J; | Tr(B(t)) — Tr" " (B(t))|dt < c% Jt: Tr(B(t))dt.

In particular, if o] =[ny|= O (log(1/8)/¢), then Tr"*(B(t)) is an e-error ap-
proximation of Tr(B(t)) in the relative L'-norm.
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Proof. We may directly bound

b
j I Te(B(1)) — Tr** (B(1))dt

a

b
= J | Tr(A(t)) — Hn (A(t))|dt  (definition of Tr™ " and linearity of Tr)

a

log(1/3) (°
<o BD [ja@rat (usingfemmaz)
v a
log(1/9) Jb :
=cyco———| Tr(B(t))dt assumption on A(t
vea B | T(B(U)L  (assump (1)
Identifying ¢ = cycn, we get the desired result with probability > 1 — 9. O

When compared to constant matrices (theorem 4.1, the parameter-dependent
case (theorem 4.3) requires the residual A(t) to be bounded by (na)~1/? times

the L'-norm of the trace of B(t), instead of the best approximation error. We also

require an additional factor of /log(1/6) when choosing nn|and ny|such that

we can achieve an ¢ error.

For the parameter-dependent Nystrom approximation in particular we
can show that it is an approximation which satisfies the conditions of
The key is to use the following lemma from [17] which guarantees the desired
convergence property of the parameter-dependent Nystrom approximation.

Theorem 4.4: L'-error of the parameter-dependent Nystrom++ trace estimator

The parameter-dependent Nystrom++ computed with nog = ny =
O (log(1/5)/¢) and even ng > 8log(1/9), satisfies for any symmetricma—
trix B(t) € R™*™ which continuously depends on t € [a,b], and § € (0,e7'),
with probability > 1 — 6

b b
(4.9) J |Tr(B(t)) — Tr" " (B(t))|dt < eJ Tr(B(t))dt

a a

Proof. According to it is enough to verify that, with the linearity of
the trace, the Nystrom approximation B(t) of B(t) satisfies

(4.10) Tr(B(t)) = Tr(B(t) + B(t) — B(t)) = Tr(B(t)) + Tr(A(t))

for all t € [a, b] and with probability > 1 —

b b R 1 (°
@i | AWt = [ B - Bt < ca = | reBena

a
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The latter follows from Finally, the choice of ng|and fny|follows from
ftheorem 4.3/and [emma 3.3 O

Compared to constant matrices (theorem 4.2)), we require an additional factor

of \/log(1/8) in the choice of IT&I and [ny} and the choice of § is slightly more
restricted.

4.2 THE NYSTROM-CHEBYSHEV++ METHOD

Taking the algorithmic developments from and [chapter 3| we can
easily combine them to a powerful hybrid method which we call the Nystrom}
IChebyshev++ (NC++) method.

As mentioned at the start of this chapter, this method improves upon the
method by correcting it with an estimate of the trace of the residual A(t) =

g™ (I, — A) — GV (I, — A) of the Nystrém approximation. To this purpose,
thenylquery Girard-Hutchinson estimator H,, is employed as follows:

b (1) = Tr(gy™ (t1n — A)) + Ha, (A(t))
= Tr(go™ (tIn — A)) + Hi, (g™ (tTn — A) — G5 (tTn — A))
(412)  =Tr(gy" (tly — A)) +Hn, (g5™ (tIn — A)) = Hy, (G (tTn — A)).
=bo" (1) e
It turns out that two of the three terms appearing in are already quite
familiar to us: In e have seen how to compute d™ with the
method, whereas in oo™ is computed with the NC|method. Only the

last term is new. Using the standard Gaussian [random matrix ¥|from the [DGC]|
method, the sketching matrix ) from the method, and the definition of the
(3.29)

Nystrém approximation Go™ (tI, — A)

34

we may rewrite it as

H,, (g\™ (tI, — A))
1

== Tr (W' g™ (i1, — A)Q)(QT g™ (tI, — A)Q)T(QT g™ (tI,, — A)Y)).
Wy ~— N — N

~~

=Ly ()7 =K (t) =L;(t)

Notice how the involved matrices L;(t) € R™*™¥ and K;(t) € R"2*"2 again
have a form in which they can be expanded efficiently and for all t simultane-

ously, as we have seen insection 2.3

The implementation of this new method is similar to the[DGC|and [NC| meth-
ods (algorithm 2.3|and jalgorithm 3.6). Although from|(4.12)we could see that
the result of the [Nystrom-Chebyshev++ (NC++)method could be obtained by
combining the results of the N(]and [DGC] methods, doing so is not efficient
in practice. The pseudocode for the Nystrom-Chebyshev++ (NC++) method is

given in
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Algorithm 4.5: Nystrom-Chebyshev++ method

Input: Symmetric matrix A € R™*", evaluation points {t;};"*,

Parameters: [Sketch size n| number of Hutchinson’s queries ny|, |[degree|

jof expansion m|

Output: Approximate evaluations of the spectral density (PS5 (1))

Compute {p (ti){%, for all t; usingalgorithm 2.1
Compute {v{(t;) 2™, for all t; usinglalgorithm 3.5
Generate standard Gaussian [sketching matrix Q€ R™*"a
Generate standard Gaussian random matrix ¥| € R™*"v
Initialize [V1, V3, V3] <= [0nxng, 2, 0nxn,]
Initialize (W1, W3, W3] <= [0nxny, ¥, Onxny
Initialize [Ki(ti), Ko(ti)] <= [0n xng, Ong xne) for all t;
Initialize [L;(ti), €(ti)] < [0n xny, 0] for all t;
Set $o™ (t;) « 0 for all t;
for1=0,...,2mdo
X+ Q'V,
Y+~ Q'W,
2+ Tr(Y™W,)
fori=1,...,n.do
if | < m then
Ki(ti) < Ky(ti) + ()X
Li(ti) « Li(ty) + m(t)Y
(i) « £(ti) + wlti)z
Ka(ti) < Ka(ti) +vi(ti)X

e e e G S
SR A L S S sal =)

—_
pC

NN
=2

V1 < Vz,VZ < V3

NN
O

W] <—W2,W2 (—Wg
: fori=1,...,n.do

Nt
i=1

Vi3 (2—08,9)AV, —V; > Chebyshev recurrence|(2.3)

W3 (2 —019)AW, — W, > Chebyshev recurrence|(2.3)

N
Q1

N
. PP .o

o™ (1)  Tr (K (8 Ka(te)) + o (0(t) + Tr (La () TKa (1)L (1))

With the cost of a matrix-vector product denoted by c¢(n), and supposing we
allocate the random vectors equally to the low-rank approximation and the trace
estimation, i.e. ng ~ ny, we determine the computational complexity of the
method to be O(mlog(m)n,+mnin+mnn% +me(n)ng +nni,) ), with
O(mny + nng + n%)nt) required additional storage.

It is not hard to extend this method to the other low-rank approximations we
have mentioned in
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4.2.1 IMPLEMENTATION DETAILS

All of the implementation details for the DGC| method (section 2.3.1) and [NC|
method (section 4.2.1)) can be directly translated to the NC++ method.

An interesting and useful observation, which we can make in is that
by identifying

(4.13) D(t) = W, (1)1 (1) 2X (1),

which contains, unlike suggested in [27, algorithm 4], not the generalized eigen-
vectors from we can compute

(4.14) Z(t) =D(t)" (Q (g™ (t1, — A))’Q)D(t),

in other words, the matrix whose trace we used insection 3.3.1|to form (T)E,‘“) (t)

from the Nystrom approximation of Go™ (tL, — A). For consistency between all

the terms in|(4.12)| it is crucial to compute the correction term H,,,, (g<T (tI —A))
using the same Girard-Hutchinson estimator, i.e. the same frandom matrix ¥

which was already used to compute the second term O (1), ie.

(4.15) H,,(2(t) = nl—w Tr(Y'Z(H)W).

This can be done quickly and consistently by reusing D(t) from [algorithm 3.8}
since by and the cyclic property of the trace

Tr(Z(t) = Tr(D) " (Q7 (gi™ (tI, — A))2Q)D(t))
=Tr(g{™ (tI, — A)QD(t)D(t) ' Qg™ (tI, — A))

:E[;—WT((WTQG (tL, —A)Q)(D(t)D(t))(Q g™ (tL, — A)¥))|.
_Ll( )T :Ll(t)

4.2.2 THEORETICAL ANALYSIS
Similarly to we can again consider the shifted spectral density

g, = go+p. For suff1c1ently large E > 0we may then guarantee that g ™ (tI,—A)
is symmetrlc [PSD] Therefore, [t 4] can be employed to get the following

result.

Theorem 4.6: L!-error of Nystrom-Chebyshev++ method with shift

Let (]) " be the result from running jalgorithm 4.5/ on a symmetric matrix
A € R“X“ with its spectrum contained in [1, 1] using a shifted Gaussian
smoothing kernel g = g, + p and with the parameters[o] > 0,fm]€ N, and fny]

+Mo|= O(log(1/6)/¢) with evenm | > 8log(1/9). If|§|> (14 o)~ ™, then

n02
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for § € (0,e™!) with probability > 1 —§

2V/2

(4.16) o — ™ < (1+€)=5-(140) ™ +&(1 + 2np).

Proof. With the choice of[p|in the assumptions of the theorem, we can conclude
from that the expansion of the shifted smoothing kernel g™ is non-

negative. Therefore, the parameter-dependent matrix g Erm) (tI — A) is symmetric

PSD), and [theorem 4.4] can be applied.

Thus, under the conditions of the theorem, we can conclude

o, —," I

<o, — ng) |1+ ||9(Um) — é;m) 1 (triangle inequality)

< e, _ng)Hl + EHQETm)Hl (theorem 4.4)

<(+e)lld, — b ™[ +elld, (triangle inequality)

= (1+e)2;—?(1+cr)‘m+e(1+2np) (lemma 2.4)and |$|1 = 1)

with probability > 1 — 9. O



Chapter 5

Numerical experiments

In the previous chapters we have developed three methods for approximating
the spectral density of a symmetric matrix A € R™*™. All methods compute
the trace in in slightly different ways. The Delta-Gauss-Chebyshev (DGC)|
method uses the Girard-Hutchinson stochastic trace estimator (section 2.3)), the
INystrom-Chebyshev (NC)| method computes a randomized low-rank factor-
ization of the matrix function (section 3.3), while the [Nystrom-Chebyshev++
method combines the two aforementioned approaches into a variance-
reduced stochastic trace estimator (section 4.2)). For each of these methods we
have presented a number of algorithmic improvements, which distinguish them
from the methods of [27]. In the following numerical experiments — where ap-
plicable — we use these improvements with [threshold factor { = 1077, [filter]

= 1073, and jnon-zero check threshold k|= 10> (section 3.3.1)), as we

have seen them to be crucial for obtaining a reasonable approximation on the

full spectrum

Our goal is to compare these methods with each other and with other related
methods in terms of their accuracy and speed. In order to do so, we apply these
algorithms in multiple scenarios. We first consider a model problem from density
functional theory [27] and discuss the convergence properties of our algorithms
in this setting (section 5.1). Subsequently, we show that the developed methods
are also effective for other choices of kernels, for example the Lorentzian kernel
(section 5.2). Finally, we test the methods on various other matrices which we

have found to be commonly used in literature (section 5.3).

The accuracy is measured in terms of the discrete relative L'-error of the ap-
proximated spectral density '™ (also denoted $5™ and $L™) from the spectral

49
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density ¢, which we obtain using standard eigenvalue solverg'}

Y IbS™M (6) — dolty)]
Y et

We use ny = 100 evenly spaced evaluation points which cover the whole spec-
trum of A. The choice of this metric can be justified by the fact that this error
roughly corresponds to the midpoint quadrature rule applied to the continuous
L'-norm, for which our theoretical results hold.

(5.1)

5.1 MODEL PROBLEM FROM DENSITY FUNC-
TIONAL THEORY

For our first example, we consider the matrix which arises from the second order
tinite difference discretization of the Laplace operator A in a potential field V,

(5.2) Au(x) = —Au(x) + V(x)u(x),

for a uniform mesh of size h = 0.6. The potential V results from a lattice whose
primitive cell is of side-length L = 6 and in whose center a potential

2
(5.3) aexp(—%)
with ¢ = —4, B = 2 is located. The computational domain is chosen to span

n. € N primitive cells in every spatial dimension, hence, yielding discretization
matrices which are growing in size with n.. In our experiments we consider the
three-dimensional case, but for visualization purposes, we illustrate the poten-

tial in [figure 5.1/in two dimensions.

For Gaussian with [o] = 0.05 we plot for n. = 1 and two choices of [m]
the convergence of the error with no|in|figure 5.2/and equally for two choices of

+ [ny] the convergence of the error with [m]in [figure 5.2} In our experiments,
we always use no|=ny|for the method.

In the Chebyshev expansion is clearly not accurate enough for
a good approximation of the spectral density. This is confirmed by
unless a Chebyshev expansion of degree [m] 2 1000 is used, we cannot hope
for high accuracy approximations. [Figure 5.2b|allows us to make an interesting

observation: The approximation error for the NC++ method first decays quite
slowly compared to the NC| method. To achieve an e-error we require +

wl|= O(e71) as suggested by [theorem 4.3] However, after mo|+ my|exceeds a
88 y

'We use the standard symmetric eigenvalue solver from the NumPy Python package: https:
/ /numpy.org/doc/stable/reference/generated /numpy.linalg.eigvalsh.html.



https://numpy.org/doc/stable/reference/generated/numpy.linalg.eigvalsh.html
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FIGURE 5.1 - Two dimensional periodic potential V for different sizes n. of the
computational domain.

certain value, the approximation error shoots down quickly to where it saturates.
The reason is that at this point no|starts exceeding the [e-numerical rank r. .|of
the model matrix [figure 3.3, which, as a consequence of theorem 3.4, means that
the approximation error is expected to be significantly smaller than
guarantees in general. In fact, it seems that after this point, [NC|and [NC++
behave almost identically, with the exception that the [NCJuses an [ng|which is
twice as large as the one in by design of the experiment, while the con-

tribution from the Girard-Hutchinson correction part in the method
seems to be insignificant.

In[table 5.1 we list the wall-clock time each method takes to compute an ap-
proximate [§]atn]= 100 points for different values of ng|and[ml

TABLE 5.1 — Comparison of the runtime in seconds of the algorithms applied
to the model problem for approximating the smooth spectral density ¢ o] with|o]

= 0.05 at[n¢ = 100 points for various choices of[m|and ng|+[ny] The mean and
standard deviation of 7 runs is given.

m = 800 m = 2400 m = 800 m = 2400
no+ny =40 nog+ny =40 ng+ny =160 no +ny =160
DGC 0.295 +0.010 0.866 +0.002  1.067 + 0.007 3.184 £ 0.015
NC 1.187 £ 0.010 3.465 £+ 0.041 4.947 4 0.095 14.224 + 0.122
NC++ 0.940 +0.007 2.773 £0.021  3.329 4+ 0.017 9.992 4 0.150

We have seen that the method is a hybrid method between the
and[NCmethods. In fact, for[ng|= 0, the[NC++]is equivalent to the DGCmethod,
while forny|= 0, it is equivalent to the[NC|method. Back in [chapter 3|we already

saw that for small values of [o] the Nystrom approximation will only need a
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10°

DGC \\\ O(e2)
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g o 1
O
; NCe+ | <
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E 10_1 ] \\‘\’/‘ _% 1074 i
[ ] (¢}
A e DGC
! = —— NC
1076 i
NC++ \
10! 10? 10t 10?
N + Ny no +ny

(A) [m]= 800 (B) [m]= 2400

FIGURE 5.2 — For increasing values of + ny| but fixed El] we plot the L!
relative approximation error [(5.1)| for the model problem with [o] = 0.05. We also

indicate orders of + as a function of the relative 1! error «.

small in order to achieve an accurate approximation. On the other hand,
for large choices of [0] the low-rank approximation will - by itself — not suffice.
The interplay between the two parts which make up the method, on one
hand the low-rank approximation and on the other hand the trace estimation
on the residual, is illustrated well in For various values of [o]and a
simultaneously changing[m|= 120/0 to keep an approximately equal expansion
accuracy, the behavior of the error for fixed + = 80 is plotted.
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FIGURE 5.3 — For increasing values of @ but fixed + ny| we plot the L!
relative approximation error for the model problem with o= 0.05.
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‘_: — N = 40, Ny = 40 (NC++)
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\ no = 80, Ny = 0 (NC)
e e e

o

FIGURE 5.4 —The method for different ways of allocations a total of
+ my|= 80 random vectors to either the Nystrom low-rank approximation or the
Girard-Hutchinson trace estimation for the Gaussian [g,] with multiple different
values of the[ol We make the approximation error made in the Chebyshev expan-

sion negligible by rescaling @ =120/0.
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5.2 BENCHMARK AGAINST HAYDOCK’S METHOD

Haydock’s method [16} 28] is a specialized technique for approximating | 5| in
the case where a Lorentzian smoothing kernel

1 o

(5.4) gols) = ;Em

is used. A comparison of this kernel with the Gaussian kernel is provided
in Figare 5.

—— (Gaussian

» 5 Lorentzian
=]
=)

T ¥I T
—04 02 0.0 0.2 0.4
S

FIGURE 5.5 — Comparison of the Gaussian with the Lorentzian

Kernel g for[o] = 0.05.

We repeat the same experiments as in[section 5.1|but this time for a Lorentzian
kernel with Haydock’s method to demonstrate that also in the case of non-
Gaussian |g,| our theoretical guarantees apply. In this method, we use Lanczos
with reorthogonalization and fix the number of Lanczos iterations to[m]and the
amount of random vectors used in the Monte-Carlo estimate to + We
plot the results in [figure 5.6| and [figure 5.7, and compare the wall-clock time
between the methods inltable 5.2|

On one hand the low-rank factorization for the Lorentzian[g,]is not as effec-
tive as it was for the Gaussian case, since the decay to zero is noticeably slower
(see[figure 5.5). On the other, the Lorentzian[g,|has a pole at s = £, which has
as a consequence that the Chebyshev expansion is not guaranteed to converge as
fast as it does in the Gaussian case. Due to these reasons, the convergence of the
INC|and [NC++ methods are slower than they used to be in Neverthe-
less, this choice ofexhibits perfectly the O(¢~!) and O(e?) dependence of the
L'-approximation error on fny|and which the Haydock and methods
respectively show in
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FIGURE 5.6 — For increasing values of + ny| but fixed EL] we plot the L!
relative approximation error [(5.1)] for the model problem from with
the Lorentzian kernel with [o] = 0.05. We also indicate orders of +hylas a

function of the relative ! error ¢.
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FIGURE 5.7 — For increasing values of @ but fixed + we plot the L!
relative approximation error for the model problem from with

the Lorentzian kernel with @ = 0.05.
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TABLE 5.2 — Comparison of the runtime in seconds of the algorithms applied
to the model problem from for approximating the [smooth spectrall

with a Lorentzian kernel [g,] with [o] = 0.05 at [/ = 100 points for
various choices of [m]and [ng| + The mean and standard deviation of 7 runs

is given.

m = 800 m = 2400 m = 800 m = 2400
nQ+TL\y:4O nQ+n\y:40 TLQ—|—TL\y=16O TLQ+TL\y:160
Haydock 5.938 £ 0.056 12.652 +0.073 24.005 +0.126  50.914 + 0.311
NC 1.135+0.013 3.413+£0.083 4.873+0.077 14.655 + 0.187
NC++ 0.950 £ 0.006  2.800 +0.014  3.441 £+ 0.053 9.937 + 0.217
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5.3 EXPERIMENTS WITH VARIOUS MATRICES

We test the algorithms on various problems encountered in literature. We take
a synthetic sparse matrix with 2000 uniformly spaced eigenvalues in [—1, 1] [6];
GOE, a matrix A = (G + G ")/v/2 with standard normal G € R000x1000 from the
Gaussian Orthogonal Ensemble; the matrix ModES3D_8, an 8000 x 8000 sparse
matrix resulting from the same problem as in * but withn. = 2, i.e.
a larger computational domain [27]; and Erdos9927, a 6100 x 6100 sparse ma-
trix representing the collaboration network of the Hungarian mathematician P4l
Erdé6s from [6]. All these matrices are symmetric. For all of them, we compute,
for fixed [m] = 2400 and increasingng|+ the relative L! approximation error
of the spectral density for a Gaussian [smoothing kernel g, with[o] = 0.05. The

resulting plots are displayed in

We observe that for the two matrices which have an evenly distributed spec-
trum or an approximately evenly distributed spectrum (figure 5.8d),
the method by itself can achieve a good approximation once exceeds
the numerical rank of the matrix. On the other hand, for matrices where the
spectrum is very concentrated around a certain point or approxi-
mately describes a semi-circle (figure 5.8b) [45], the is not as effective, and
the correction part in the [NC++ makes a significant difference.

ZDownloaded in the matrix marked format from: https:/ /sparse.tamu.edu/Pajek /Erd0s992.
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Chapter 6

Conclusion

In our work we have developed a family of methods designed for the random-
ized computation of the spectral density of large matrices, which are closely
related to the methods from [27].

We were able to significantly improve many algorithmic aspects of these
methods. The development of an alternative expansion framework in
allowed us to vastly simplify the Chebyshev expansion stage, which is common
to all the studied methods, while obtaining provable accuracy of the expansion,
all this in addition to making this stage orders of magnitude faster in most cases.
The studied methods were made more robust through a series of well founded
implementation strategies Furthermore, we give theoretical error
guarantees for all the encountered methods building on [17]. All these develop-
ments are illustrated and verified in multiple numerical experiments which are
all provably reproducible.

We have noticed that the degree of the Chebyshev expansion needs to be quite
high to achieve an acceptable expansion accuracy, which slows down our meth-
ods considerably. Alternative ways of computing products of matrix functions
with random vectors should be taken into consideration [§8],42]. Also, different
ways of evaluating [line 16|in jalgorithm 3.6/ may still improve the accuracy and
stability of our methods. For example [40, algorithm 5.6] may help, but a way of
making this compatible with our expansion framework has not been found yet.

On the theoretical side, the incorporation of the Chebyshev expansion into
the error bound analogous to is of high priority. What hinders such
a unification for now is the fact that the Chebyshev expansion is not guaranteed
to be non-negative, which in turn breaks the property, which is fundamen-
tal to most theoretical results on the Nystréom approximation. In
and we have shown a way around this problem by introducing a
shift which guarantees the expansion to be non-negative. However, this shift
significantly impairs the performance in practice.
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Appendix A

Spectral transformation

In [section 2.3.T] we have mentioned a way in which we can apply a

transformation T|: [a,b] — [—1,1] to use our methods for computing spectral
densities of matrices whose spectrum is contained in a different interval [a, b].
The following derivations prove the validity of this approach.

Let us call ¢ the spectral density of A = t(A). Then we can relate it to the
ispectral density ¢|of A through

d(t (1) = % D ST ) = A (definition [(T.T))
i=1
= % Z S(t1(t) —t '(A\)) (transformed eigenvalues A; = T(\;))
i=1
_ln b_a 3 .. -1 _b_a b+a
= iZ(S ( > (t ?\1)) (explicit form of T (s) = 5 S + 5 )
_ 2 lné(t—x) (scaling property &( )—lé() € R)
_b—ani:1 i Scaling property o6(cs =1 s),¢c
S $(t) (definition of ¢)
b—a

such that finally ¢ = 5% ¢ o . Finding an expression for | |is a bit trickier. For
this, we need to go back all the way to the definition of [} | and evaluate the
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expression
dol(T (1)
= (¢ * gc)(ft*l (t)) (definition Of
= JOO $(s)ge(T 1 (t) — s)ds (convolution)
2 1y . . 2 .
=% a) . d(t(s))go(T " (t) —s)ds (identity ¢ = T ad) T)
2 (> _ 1 1, b—a e
b a) . d(8)go (T7Ht) =T 1(3)) 5 ds (substitution 5§ = 1(s))
2 [ _ b—a “\b—a . _ . 1
= b—aJ_ood)(S)gG ( 5 (t—s)) 5 ds  (explicit form of T°)
By identifying
b— b —
(A.1) Jo(s) = 9o ( 5 as) > ¢

we see that ¢, = ﬁ (¢ * §o) o T. Therefore, we can obtain |} ,{of A by running
with Jo and A on the transformed evaluation points {t(t;)}{";, and
rescale the result with -2—. Since all of the |smoothing kernel gU| we consider
in this thesis (Gaussian, Lorentzian) are of the form (s) = %f(%) for some
function f independent of [0} we only need to rescale the smoothing parameter of
to

20
b—a

(A.2) 5=

to determine §, = g5



Appendix B

Numerical rank

The [e-numerical rank r. | of the symmetric matrix g, (tl,, — A) is used to
motivate the introduction of a low-rank factorization in [chapter 3|and also ap-
pears in the formulation and proof of [theorem 3.9| |(3.24) provides a tractable
expression offr, |for Gaussian g, (tI,, — A). We now show how this formula was
determined.

For the spectral norm ||-||2, we calculate

Te,2(96(t1n - A))

=min{l <r<n:o.4q(t) < ¢} (definition|(3.7))
1 (A1)
= mm{ <rg<n: 767 207 8} (expression|(3.23))
nv2no

1<r<n: t—Aqsl \/ —2log(en 02)} (rearrangement)

{ <ign: |t—7\!<0\/—2log (en 0'2)} (t=Amy < <t —

Here, we identify C., = 0'\/ —2log(env2mo?) to end up with the expression
(3.25)]

For the nuclear and Frobenius norm we use the fact that

(B.1)

to apply the same reasoning as for the spectral norm above, though for slightly
different constants C, . and C, .
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